Primordial Isocurvature Perturbation in Light of CMB and LSS Data by Muhonen, Vesa
HELSINKI INSTITUTE OF PHYSICS INTERNAL REPORT SERIES
HIP-2008-06
Primordial Isocurvature Perturbation in Light of
CMB and LSS Data
Vesa Muhonen
Helsinki Institute of Physics
P.O.Box 64, FIN-00014 University of Helsinki, Finland
ACADEMIC DISSERTATION
To be presented, with the permission of the Faculty of Science
of the University of Helsinki, for public criticism
in the Small Auditorium (E204) of Physicum, Gustaf Hällströmin katu 2a,
on 27th of August 2008, at 12 o’clock.
Helsinki 2008
ISBN 978-952-10-3724-5 (printed version)
ISBN 978-952-10-3725-2 (pdf version)
ISSN 1455-0563
http://ethesis.helsinki.fi
Yliopistopaino
Helsinki 2008

Contents
Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii
Acknowledgments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iv
List of Included Papers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . v
1 Introduction 1
2 The Smooth Universe 4
2.1 Friedmann-Lemaître Cosmologies . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
2.1.1 The Robertson-Walker Metric . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.1.2 The Energy Components . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.1.3 The Friedmann Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
2.1.4 Evolution of the Scale Factor and the Horizon . . . . . . . . . . . . . . . . . 10
2.1.5 Brief Thermal History of the Universe . . . . . . . . . . . . . . . . . . . . . 11
2.2 Inflation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
2.2.1 Problems of the Standard Big Band . . . . . . . . . . . . . . . . . . . . . . 13
2.2.2 Accelerated Expansion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
2.2.3 Scalar Fields . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
3 Perturbations and the Cosmic Microwave Background 17
3.1 Perturbations in the Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
3.1.1 The Perturbed Metric . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
3.1.2 Gauge and Gauge Transformations . . . . . . . . . . . . . . . . . . . . . . . 19
3.1.3 Scalar, Vector and Tensor Separation . . . . . . . . . . . . . . . . . . . . . . 19
3.1.4 The Gauge Choice . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
3.1.5 Perturbed Energy Tensor . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
3.1.6 Curvature Perturbation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
3.1.7 Entropy Perturbation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
3.1.8 Evolution Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
3.2 The CMB in the Sky . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
3.2.1 Temperature and Polarisation Anisotropy . . . . . . . . . . . . . . . . . . . 27
3.2.2 Boltzmann Equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
3.2.3 Angular Power Spectra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
i
Contents ii
3.2.4 Angular Power Spectra in Our Analysis . . . . . . . . . . . . . . . . . . . . . 32
3.2.5 Matter Power Spectrum . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
4 Analysing the Cosmic Microwave Background 36
4.1 CMB Observations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
4.2 Cosmological Parameters and the CMB Spectra . . . . . . . . . . . . . . . . . . . . 39
4.2.1 Anisotropy Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
4.2.2 Cosmological Parameters . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
4.3 Bayesian Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
4.3.1 The Choice of Parameters for the MCMC Runs . . . . . . . . . . . . . . . . 44
4.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
4.4.1 Adiabatic Spectral Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
4.4.2 Nonadiabatic Contribution . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
4.4.3 Other Data Sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
4.4.4 The Issues with Priors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
5 Summary 54
References 56
iii Abstract
V. Muhonen: Primordial Isocurvature Perturbation in Light of CMB and LSS Data, University of Helsinki,
2008, 68 p. + appendices, Helsinki Institute of Physics, Internal Report Series, HIP-2008-06.
ISSN 1455-0563, ISBN 978-952-10-3724-5 (printed version), ISBN 978-952-10-3725-2 (pdf version).
INSPEC classification: A9870V, A9880B, A9880D.
Keywords: cosmology, early universe, CMB theory, isocurvature, parameter estimation, Markov chain Monte
Carlo.
Abstract
The increased accuracy in the cosmological observations, especially in the measurements of the
comic microwave background, allow us to study the primordial perturbations in greater detail. In this
thesis, we allow the possibility for correlated isocurvature perturbations alongside the usual adiabatic
perturbations.
Thus far the simplest six parameter ΛCDM model has been able to accommodate all the observa-
tional data rather well. However, we find that the 3-year WMAP data and the 2006 Boomerang data
favour a non-zero non-adiabatic contribution to the CMB angular power spectrum. This is primordial
isocurvature perturbation that is positively correlated with the primordial curvature perturbation.
Compared with the adiabatic ΛCMD model we have four additional parameters describing the
increased complexity in the primordial perturbations. Our best-fit model has a 4% non-adiabatic
contribution to the CMB temperature variance and the fit is improved by ∆χ2 = 9.7. We can
attribute this preference for isocurvature to a feature in the peak structure of the angular power
spectrum, namely, the widths of the second and third acoustic peak.
Along the way, we have improved our analysis methods by identifying some issues with the pa-
rameterisation of the primordial perturbation spectra and suggesting ways to handle these. Due to
the improvements, the convergence of our Markov chains is considerably improved. The change of
parameterisation has an effect on the MCMC analysis because of the change in priors. We have
checked our results against this and find only marginal differences between our parameterisations.
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Introduction
In less than two decades, the increase in the quantity and especially the quality of the available
cosmological data has been nothing but truly remarkable. Over time, cosmology has evolved from
pondering general questions about the universe and not getting precise answers to a true physical
science where studying detailed issues gives detailed answers. From these bits of details we can then
try to understand the whole universe.
Today the most important source of data is the cosmic microwave background radiation (CMB)
and specifically the small, one part in a hundred thousand, temperature anisotropies we observe in it.
This radiation originates from the time when the universe was only a few hundred thousand years old.
Having travelled essentially undisturbed ever since, it is an excellent observable of the early universe.
The most interesting part, the small temperature anisotropies, mirror the small perturbations in the
energy density of the universe at the time.
While the CMB data is currently the most accurate data available, perhaps the most surprising
or even the most influential bit of data comes from the supernovae. This data seems to imply that
the current expansion of the universe is accelerating instead of decelerating which is the expected
scenario [4]. Including this effect in the evolution of the universe is almost trivial, as shown in section
2.2.2, but understanding it is definitely not and remains one of the most important open questions
in cosmology today.
An additional set of data that is currently expanding rapidly is that from the galaxy redshift surveys
which track the three-dimensional distribution of galaxies [5]. This large-scale structure (LSS) data
comes from a much later period and on smaller scales than the CMB. Partially due to this, it has
not yet reached the same level of accuracy as the CMB data we have today. Nonetheless, it is an
important addition to the CMB data and it is the combined set of CMB and LSS data that we use
in this thesis.
From all the available data, something we can call the concordance model, or the standard model,
of cosmology has arisen. The overall geometry of the universe seems to be flat, or at least nearly
so. The normal baryonic matter covers only about five percent of the total energy density of the
universe while the rest is in form of dark matter (dm) and dark energy (de).
The dark matter constitutes roughly a quarter of the energy density. The existence of dark matter
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is suggested by several different observations from the rotation velocities of galaxies to the recent
observation of the Bullet cluster [6]. Theoretically, such matter is not a huge issue as we simply
require the existence of a species of particles which do not interact with photons. Candidates for
such are readily available, for example, in the supersymmetric extensions of the standard model of
particle physics [7].
The dark matter can be separated into hot and cold dark matter (hdm/cdm) depending on whether
or not the particles are relativistic at the time they decouple from thermal equilibrium. A well-known
example of hot dark matter are the neutrinos, which are expected to be massive. However, having
only hot dark matter causes problems with galaxy formation and thus can not be the whole story
[8]. On the upside, because of the effect on the large-scale structure, it is possible to obtain good
constraints on the total mass of the three neutrino species from large-scale observations [9]. Due to
the problems associated with the hot dark matter and because the detailed properties of the dark
matter are not the focus of this thesis, we assume the dark matter to be cold dark matter.
The remaining 70 % of the energy density is in the form the dark energy. This is the component
responsible for the accelerated expansion of the universe. In order to achieve this, the dark energy
must possess the curious property of negative pressure. The simplest form of dark energy is just Ein-
stein’s cosmological constant Λ as introduced in section 2.1.2. Unlike the case of dark matter, there
is currently no clear understanding what the dark energy fundamentally is. Also, the observational
evidence is not unequivocally supportive of the dark energy [10]. Because of these theoretical and
observational issues, there is currently some activity to explain the dark energy away altogether [11].
The paradigm of cosmological inflation is currently the favourite candidate for generating the small
perturbations in the energy density in the first place. There are countless models of inflation around,
but they all share the basic idea that the energy density of the universe is dominated by one or more
scalar fields during the first few fractions of a second. The simplest models are the ones with a single
field and they have been able to accommodate the observations admirably. However, these models
can produce one type of perturbation only, namely, the adiabatic type. In this thesis, we consider
a more generic situation where we allow the possibility of an isocurvature type of perturbation in
addition to the adiabatic one.
This thesis is structured as follows. In chapter 2 we review the evolution of the smooth backround
universe and introduce the inflationary paradigm. In chapter 3 we look into the perturbations away
from the smooth background universe and the generation of the CMB and its anisotropies. In chapter
4 we introduce the tools for analysing the available data and present our main results. In chapter 5
we present the concluding remarks and some outlook for the future.
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Notation
In this thesis we use the natural unit system, wherein the speed of light, Planck’s constant and
Boltzmann’s constant are set to unity:
c = 1, ~ = 1 and kB = 1. (1.1)
The Planck mass is given by
M−2Pl = 8piG. (1.2)
The overdot is derivative with respect to the coordinate time, prime with respect to the conformal
time and subscript comma with respect to the coordinate or field:
f˙ = ∂f
∂t
, f ′ = ∂f
∂η
, f,i =
∂f
∂xi
, and V,ϕ =
∂V
∂ϕ
. (1.3)
The indices run as usual, Roman letters denote the spatial coordinates and run from one to three
while Greek letter run from zero to three:
i, j, k, . . . ∈ {1, 2, 3} and µ, ν, . . . ∈ {0, 1, 2, 3}. (1.4)
Chapter 2
The Smooth Universe
Observing the world on the “human” scale of one meter and one second it seems a rather complicated
place. Especially so if one desires to describe the world accurately in terms of mathematics and
physical laws. However, taking our considerations to large enough scales, the physics becomes
relatively simple and we can follow the evolution of the universe as a whole while disregarding all
processes on small scales.
In this chapter we review the evolution of the universe that is described as a smooth expanding
spacetime the matter content of which is described by an ideal fluid. This description is not quite
satisfying in explaining all of the features in the early universe. To rectify these issues we introduce
the model of inflation. While not the only suggested solution it is by far the most studied one and
thus the one we shall concentrate on.
2.1 Friedmann-Lemaître Cosmologies
Based on observations such as the distribution of faint radio sources [12] and especially the CMB
[13], we know that the universe is isotropic around us to a very high degree on several scales. The
most stringent limit comes from the CMB where the anisotropy, disregarding the dipole component
induced by our movement with respect to the last scattering surface (lss), is at 10−5 level. In addition
to the fact that the universe is isotropic around us, we assume that this holds everywhere and an
observer would see a similarly isotropic universe around him anywhere. This assumption, known as
the cosmological or Copernican principle, asserts that the universe is isotropic everywhere from which
it follows that the universe must also be homogeneous everywhere.
The above statement on isotropy and homogeneity is of course an approximation as our immediate
environment is highly inhomogeneous and anisotropic. The solar system and the galaxy we are in are
definitely nether isotropic nor homogeneous. Only when we observe scales of 100 Mpc1 and larger
are isotropy and homogeneity valid approximations.
Also, since the universe is not infinitely old, we can only observe it up to a finite distance and
1In comparison our galaxy is some 0.03 Mpc in diameter and the typical distance between galaxies is roughly 1 Mpc.
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this part is referred to as the observable universe. There is nothing to suggest that our observable
universe comprises the whole universe or even any significant fraction of it. Thus our assumption of
isotropy and homogeneity has an upper limit as well since we have no way of knowing the properties
of the universe on scales larger that we can actually observe. Fortunately, this is not a problem,
because even if the universe should happen to be highly inhomogeneous on the largest scales, due to
causality any effects on our observable part would happen on time scales comparable to the current
age of the universe. So it would be an issue only if we were to follow the evolution of the universe
to a distant future, which we are not interested in this thesis.
The proper theory to describe the universe as a whole is Einstein’s general relativity (GR). The first
person to suggest a solution to the Einstein equations that describes an expanding spacetime was
the Russian mathematician Alexander Friedmann in 1922. Independently of him the Belgian priest
and astronomer Georges Lemaître published similar ideas in 1927 (see [14] for extended discussion
and the original references). Hence the class of models describing an expanding universe is referred
to as the Friedmann-Lemaître cosmologies. At the time static models for the universe were equally
plausible from the observational viewpoint and it was not until 1929 when the observations by Edwin
Hubble suggested for the first time that the universe is expanding.
The Big Bang
The observations show that the universe is expanding. Thus it was smaller in the past. Going far
enough into the past, matter clumps together and as the density rises so does the temperature. Thus
the universe was not only smaller in the past, it was also hotter. The young, hot and dense universe
was also expanding rapidly, much faster than now when it is old, quite empty and cold. This is the
basic picture of the hot big bang universe: when it was young, it was hot and expanding rapidly [8].
This simple picture is corroborated by almost equally simple observations. First, the universe is
observed to be expanding. Second, if the universe really was hot in the past some residual radiation
should be left. It is exactly what the CMB radiation is. The third piece of evidence is somewhat more
subtle compared with the previous two. When the universe is hot enough there are no nuclei, since
there are plenty2 of high-energy photons to break them apart as soon as they from. As the universe
cools down, eventually we reach the point when the photons no longer have high enough energies
and nuclei begin to form. This is a well understood process since the energy scale in question, around
MeV [15], is accessible in the laboratory, making it possible to study the physical processes in question
in great detail. Thus it is possible to calculate the abundances of the light elements produced during
this period called the nucleosynthesis and the calculations match the observed abundances [15, 17].
On the basis of those three observations, there really is no serious, or even less serious, contender
to the hot big bang model for the big picture of the universe. That said, there are more than enough
details to be ironed out.
2The baryon-to-photon ratio, η10 = 1010(nb/nγ), at the time is η10 = 6.0 ± 0.4 [15] or η10 = 6.225 ± 0.170 [16]
as inferred from the light element abundances or from the WMAP data, respectively.
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2.1.1 The Robertson-Walker Metric
Our picture of the universe is then something which is spatially isotropic and homogeneous at very
large scales and expanding in time. To be exact, we can foliate the spacetime into constant time
hypersurfaces that are maximally symmetric. The general metric for such a spacetime can be written
as [18]
ds2 = g00(τ)dτ2 + f2(τ)dσ2, (2.1)
where dσ2 is the metric on the maximally symmetric space and independent on τ . The functions
g00(τ) and f(τ) are arbitrary, except for the requirement that g00(τ) < 0 and f2(τ) > 0 to give the
manifold a Lorentzian signature. The function f(τ) is called the scale factor and gives the expansion
of the spatial part, the metric of which is
dσ2 = gij(x)dxidxj . (2.2)
The coordinates, for which g00(τ) is independent of xi and there are no cross terms dτdxi, are called
comoving coordinates and an observer at constant xi a comoving observer. It should be clear from
the above that the universe will look homogeneous and isotropic only for comoving observers.
The metric (2.1) can be written in a more familiar form that is the most general metric describing
an expanding spatially homogeneous and isotropic spacetime [19, 18]. It was first derived by H.W.
Robertson and A.G. Walker and is therefore known as the Robertson-Walker metric:
ds2 = −dt2 + a2(t)
[
dr2
1− κr2 + r
2dθ2 + r2 sin2(θ)dϕ2
]
. (2.3)
The function a(t) is the scale factor and κ describes the curvature of the space. It’s easy to see
that scalings r → λr, a → λ−1a and κ → λ−2κ leave the metric unchanged, as they should, since
they only correspond to a definition of the unit of length. There are different conventions in the
normalisation of the scale factor and the curvature scale. One is to normalise κ to take the discrete
values of ±1 or 0 in which case the curvature scale and the scale factor are conventionally denoted
by k and R(t), respectively. Here we use the normalisation where the scale factor is unity today,
a(t0) = a0 = 1 and the curvature scale can take any value.
In the case κ = 0 the spatial metric reduces back to the simple flat Euclidean space and is simply
called the flat space. The cases κ < 0 and κ > 0 are called open and closed, respectively. The flat
case is the most relevant since it is observationally favoured [20].
Conformal Time
The form of the metric in equation (2.3) corresponds to choosing g00(τ)dτ2 = −dt2, where t is
called the coordinate time. The only constraint in choosing the time coordinate is that we keep the
Lorentzian signature and that we don’t introduce any cross terms. Physically this means that the
geometry must not depend on our definition of the unit of time.
One often used time coordinate is the conformal time η which is defined by
dη = dt
a(t) . (2.4)
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With this definition the scale factor becomes an overall factor in the metric (2.3):
ds2 = a2(η)[−dη2 + g˜ijdxidxj ]. (2.5)
Conformal time is especially convenient when considering the flat case, since now the metric is
conformally Minkowskian:
ds2 = a2(η)ηµνdxµdxν , (2.6)
where ηµν = diag(−1, 1, 1, 1).
2.1.2 The Energy Components
The RW-metric (2.3) is obtained by geometrical consideration only and there is no need for a theory
of gravity. Thus we only know what the universe looks like but not how it behaves. That is encoded
in the time evolution of the scale factor, which is what we must find out. The theory of gravity we
work in is the standard general relativity3.
The Einstein field equation reads
Rµν − 12Rgµν = 8piGTµν , (2.7)
where the left side is defined by the metric. To complete the equations one needs to specify the
energy-momentum tensor Tµν . We take the universe to be filled with ideal fluid, in which case Tµν
takes the following form
Tµν = (ρ+ p)uµuν + pgµν , (2.8)
where uµ is the four-velocity, ρ the energy density and p the pressure of the fluid. For the comoving
observer uµ must be of the form uµ = (u0, 0, 0, 0) for otherwise there would exist a preferred direction
which would break the required isotropy. The four velocity satisfies the relation uµuµ = −1, from
which it follows that u0 = 1. Thus the energy-momentum tensor in the fluid rest frame is
Tµν =
[
ρ 0
0 pgij
]
⇒ T νµ = diag(−ρ, p, p, p). (2.9)
Before introducing the Einstein equations we’ll see how the energy densities evolve in expanding
space, which we’ll find out from the energy conservation equation
Tµν;µ = 0. (2.10)
The 0-component of which reads
Tµ0;µ = T
µ
0,µ + Γ
µ
µλT
λ
0 − Γλµ0Tµλ
= −∂tρ− 3 a˙
a
(ρ+ p) = 0.
(2.11)
3There are various extensions to the standard theory, but details of those are outside the scope of this thesis.
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In order to write this equation down for the energy density only, we define the equation of state
parameter w that relates ρ and p as
p = wρ. (2.12)
As such this appears to be of little use as we can always define such an quantity, no matter how
complicated ρ and p are. However, in cosmology we are fortunate since for the fluids relevant to us,
the equation of state parameter has a constant value independent of time. Thus we can write the
equation (2.11) as
ρ˙
ρ
= −3(1 + w) a˙
a
. (2.13)
Integrating this gives us the behaviour of the energy density in terms of the scale factor
ρ ∝ a−3(1+w). (2.14)
Matter
The cosmologically relevant types of fluid are matter, radiation and vacuum energy. The matter, or
dust, component refers to any nonrelativistic species of particles that have no pressure. The equation
of state parameter for the matter component is thus zero, w = 0, meaning that their energy density
behaves as
ρ ∝ a−3. (2.15)
This is easily interpreted as the decrease in the number density as the volume of space expands while
the number of particles remains constant. For nonrelativistic species the energy density is dominated
by the rest mass which in turn is proportional to the number density.
Radiation
Radiation, which refers to any highly relativistic particle species or actual electromagnetic radiation,
has a pressure which is one third of the energy density. Thus w = 13 which givers
ρ ∝ a−4. (2.16)
Here we also have the decrease in the number density which gives a−3 and the additional a−1 term
comes from the redshifting of the energy due to the expansion of space.
Vacuum energy
The last component is the vacuum energy or cosmological constant which has the curious property
of negative presssue with equation of state w = −1. This means that its energy density remains
constant
ρ ∝ a0 = 1. (2.17)
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The equation of state can be seen from the Einstein equation. The symmetries of the equations do
not change if one adds a constant, Λ, to the equations
Rµν − 12Rgµν + Λgµν = 8piGTµν . (2.18)
Of course one can write the constant term to the right side and think of it as included in the Tµν .
Now take this constant term to be the only component of Tµν , i.e., Tµν = bgµν , where b is a constant.
Comparing this to the energy-momentum tensor of the ideal fluid, Tµν = (ρ+p)uµuν +pgµν , we see
that the cosmological constant is described by an ideal fluid with b = p = −ρ. Of course, in this case
there is no dependence on the four-velocity nor is there any evolution, it is somewhat questionable
to talk about a fluid.
2.1.3 The Friedmann Equations
The Einstein equations (2.7) give two separate equations, the 0-0–component and i-j–component;
the latter are all equal due to the spatial isotropy. These equations can be written as(
a˙
a
)2
= 8piG3 ρ−
κ
a2
, (2.19)
a¨
a
= −4piG3 (ρ+ 3p). (2.20)
In the standard nomenclature the equation (2.19) is called the Friedmann equation and the equation
(2.20) the second Friedmann equation. These and the energy continuity equation (2.13) are not
independent of each other, but one can for example obtain (2.20) from (2.19) and (2.13).
The Hubble parameter, which gives the rate of expansion, is defined as
H ≡ a˙
a
. (2.21)
The Hubble constant refers to its current value H(t0) and is denoted by H0. The observed value is
H0 = 70.1± 1.3 km s−1Mpc−1 [13]. It is common to define the shorthand notation h as
H = 100h km s−1Mpc−1. (2.22)
The reciprocal of H0 has a dimension of distance or time and is called the Hubble distance or Hubble
time and it is the common factor in all distance scales
H−10 = 3000h−1Mpc (2.23)
= 9.78× 109 h−1yr. (2.24)
The critical density ρc is the density at which the curvature term vanishes in the Friedmann
equation (2.19):
ρc =
3H2
8piG = 3H
2M2Pl. (2.25)
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The density parameter is the energy density given as fraction of the critical density
Ωi =
ρi
ρc
, (2.26)
where i denotes the type of energy with m for matter, c for CDM, r for radiation and Λ for vacuum
energy. With these we can now write the Friedmann equation in the following form
Ωtot − 1 = κ(aH)2 . (2.27)
2.1.4 Evolution of the Scale Factor and the Horizon
The particle horizon is the distance light has travelled since the big bang and thus gives the scale at
which causal processes can happen. Considering radial motion the RW-metric (2.3) gives∫ r
0
dr√
1− κr2 =
∫ t
0
dt
a(t) . (2.28)
The left-hand side gives the comoving coordinate distance, dc, and can be integrated for all geometries
dc =

|κ|− 12 arcsin(|κ|r) when κ > 0
r when κ = 0
|κ|− 12 arsinh(|κ|r) when κ < 0
(2.29)
≡ sinn−1κ (r) (2.30)
The right-hand side, however, does not integrate that easily. The evolution of the scale factor is
given by the Friedmann equation as stated above and gives∫ a(t0)=1
0
da
a(t) =
1
H0
∫ a(t0)=1
0
da√
Ωm0a+ (1− Ωtot)a2 + Ωr0a3 + ΩΛ0a4
. (2.31)
This does not integrate to elementary functions so to use the full equation one would need to evaluate
it numerically.
However, it is not necessary to use the whole equation. We know the universe to be nearly flat,
so we can ignore the curvature part. Considering only one kind of energy at the time we get the
behaviour for the scale factor when that type of energy dominates the energy density of the universe:
a(t) =

(
t
t0
) 1
2 for radiation: ρ ∝ a−4,(
t
t0
) 2
3 for matter: ρ ∝ a−3.
(2.32)
From this we get the horizons for the radiation and matter dominated (RD / MD) cases
d(t) = a(t)dc = a(t)
∫ t
0
dt′
a(t′) =
2t (RD)3t (MD). (2.33)
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In both cases the scale factor behaves like a ∝ tn, in which case the Hubble parameter is
H = nt−1. (2.34)
Thus the horizon can be written as
d(t) =
2t = H
−1 (RD)
3t = 2H−1 (MD).
(2.35)
It is common to use the terms Hubble length and horizon interchangeably while they are not exactly
the same thing.
The cosmological redshift4 is defined as
a = 11 + z . (2.36)
One measure of distance that is relevant when discussing CMB observations is the angular diameter
distance dA(z). This gives the distance to an object at redshift z that subtends an angle θ on the
sky and has a proper diameter s. The RW-metric along the coordinate θ gives
ds = a(t) r dθ ⇒ s = a(t) r θ. (2.37)
From standard geometry we know
θ = s
dA
⇒ dA(t) = s
θ
= a(t)r. (2.38)
Now the expression for the angular diameter distance to an object at redshift z in the flat universe is
dA(z) =
H−10
1 + z
∫ 1
1
1+z
da√
Ωm0a+ Ωr0a3 + ΩΛ0a4
. (2.39)
2.1.5 Brief Thermal History of the Universe
Here we briefly overview the thermal history of the universe and point out the most relevant events
that took place since the big bang. A more detailed discussion can, for example, be found in [8].
The furthest era we can practically think of is the Planck scale at t ∼ 10−43 s and T ∼ 1019 GeV.
Beyond this, the quantum effects of gravity become important and the quantum theory of gravity
that would describe our universe is still a work in progress.
When the temperature has come down to around 100 GeV at 10−10 s we have the electroweak
phase transition when the electromagnetism and the weak interaction separate from one another.
After this, at ∼100 MeV and 10−4 s the quarks condense to form hadrons and by 10 MeV we have
only photons, neutrinos, electrons, positrons, neutrons and protons left in a thermal equilibrium.
4The cosmological redshift is due to the expansion of space. Objects, such as galaxies can and do have redshift due
to their intrinsic motion in space but on large scales this component is much smaller compared to the cosmological
one. On small enough distances this does not necessarily hold. A well-known example of this it the Andromeda galaxy,
which we actually see as blueshifted since it is moving towards us.
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The neutrinos decouple from the other species of particles at 1 s when the temperature is 1 MeV.
Soon after the temperature drops below the electron rest mass and the electrons and positrons
annihilate one another. Some electrons are left due to the asymmetry that there is more matter than
antimatter present [8].
The nucleosynthesis, when the until then freely floating protons and neutrons bind together into
atomic nuclei takes place at around T ∼0.1 MeV or t ∼100 s. At that point the temperature has
come down enough that the photons no longer break apart the newly formed nuclei. After this, when
the temperature reaches 1 eV we have the matter-radiation–equality at teq ∼ 104 years when the
energy density of the radiation has reached that of the matter component. After this the matter
component dominates the evolution of the universe.
From the point of view of the CMB physics, the most interesting event takes place at 380000 year
old universe [13] when the temperature has come down to 0.3 eV. At this point the electrons and
nuclei combine to form neutral atoms in a process that is called the recombination. Now that the
photons do not scatter from the free charges around, the mean free path of a photon grows larger
than the size of the horizon. These photons then constitute the CMB sky we observe today. The
recombination happens this late, instead of at the hydrogen binding energy of 13.6 eV because of the
great number of photons. There are ∼ 1010 photons for each electron [16] meaning that there are
enough high-energy photons around to break up the atoms even if the temperature is below 13.6 eV.
After this the first structures are born that eventually grow up to form all the structure we see
around ourselves. When the first stars are born, which takes a few hundred million years [13], the
radiation from them reionises the universe. However, at this point the matter in the universe is already
quite dilute, so that only a fraction of the photons rescatter. Should the supernova observations be
correct and there really is a dark energy component, it has recently overtaken the matter part and
now we live in a dark energy dominated universe.
2.2 Inflation
The paradigm of inflation was originally suggested around 1980s [21, 22, 23] to explain a set of
problems troubling the standard big bang scenario that we will discuss below. Since then there has
been a number of different models of inflation, but they all share the same basic idea. The assumption
is that when the universe was a fraction of a second old, the vacuum energy dominated over all other
energy forms for some time, during which the scale factor grows at least quasiexponentially.
Perhaps the greatest outcome from inflation after all is not related to the reasons it was originally
conceived, but the fact that it provides a mechanism to generate the small deviations from the
homogeneity [24]. These small inhomogeneities then grow over time to form the currently observed
large scale structure. A rather nice feature from an idea deviced to explain the homogeneity in the
first place.
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2.2.1 Problems of the Standard Big Band
Even with the success of the standard big bang scenario it is not without its share of problems. These
are not issues that are incorrect per se, but rather something for which we do not get a satisfactory
answer within the standard scenario.
Horizons
The microwave background is formed at photon recombination at z ∼ 1100 while the matter-radiation
equality is at z ∼ 3200 [13]. Thus the universe is already well matter dominated when the CMB
is formed. Ignoring the brief period of radiation domination, we assume the universe to evolve as
matter dominated. The size of comoving horizon at photon decoupling dc∗ compared to the current
horizon dc0 is
dc∗
dc0
= 1100 t∗
t0
≈ 10−2 (2.40)
for t∗ = 4 · 105 yr and t0 = 1.4 · 1010 yr [13].
Thus we find out that the last scattering surface has formed from ∼ 104 regions that were not
causally connected at the time. The ratio of the horizons converts to a angle of ∼ 1◦ in the last
scattering surface meaning that observations on scales larger than this observe causally unconnected
regions.
The difference between the horizons only grows larger if we consider an earlier time, such as
nucleosynthesis that took place when the universe was about a second old. However, based on
observations, the nucleosynthesis seems to have produced the same amount of nuclei on all these
causally unconnected regions.
Flatness
Considering our normal types of energy densities the scale factor evolves as a ∝ tn, with n ∈ ]0, 1[.
Thus the Hubble parameter grows as H ∝ t−1. Since H−1 is the physical horizon length (aH)−1
is the comoving horizon. So we have (aH)−1 ∝ t1−n with 1 − n > 0. This just means that
the comoving horizon grows in time for a universe that contains normal matter or radiation. The
Friedmann equation (2.27) now reads
|Ω− 1| ∝ 1
a2H2
∝ t2(1−n) = tm, m > 0. (2.41)
As the universe today appears to be quite flat, according to above relation the deviation from
exact flatness must have been even smaller in the past. If |Ω− 1| ' 1 today, then around the time
of nucleosynthesis |Ω− 1| ≤ 10−17 and at Planck scale of tPl = 10−43 s we get |Ω− 1| ≤ 10−60.
Relic Particles
In the supersymmetric theories of the particle physics there is a selection of heavy stable particles.
If the temperature has been high enough in the early universe, like in the standard scenario it should
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have been, then the heavy particles produced at the high temperature should still be present. Then
their abundances can easily exceed the critical density making Ωtot > 1 [24]. However, no such relics
are observed to exist.
2.2.2 Accelerated Expansion
In the broadest sense the inflation is a period during which the expansion of the universe is acceler-
ating:
a¨ > 0 ⇒ d
dt
1
aH
< 0. (2.42)
The latter form tells us that during the inflationary period the comoving horizon is decreasing with
time, meaning that the observable universe is actually becoming smaller.
Now it is easy to see why inflation solves the abovementioned problems. From the latter form
of (2.42) we see that during inflation the universe is driven towards flatness rather than away from
it. Since the comoving horizon is shrinking, an isotropic and homogeneous patch of space, smaller
than the comoving horizon before inflation, can now be larger than the comoving horizon after the
inflation. The unwanted heavy relic particles are simply diluted away as the universe expands, as
long as they are produced before the inflationary period.
Now the only requirement for inflation is that it lasts long enough. The amount of inflation is
conventionally given as the factor by which the scale factor grows during the inflationary period, the
e-folds:
N ≡ ln aend
ainit
. (2.43)
In order for the discussed problems to be taken care of, roughly 60 e-folds of inflation are required
[25]
The next question is how the period of inflation can be realised? From the condition for inflation
(2.42) and the second Friedmann equation (2.20) we see that the inflation takes place when the
universe is filled with energy that satisfies the condition
ρ+ 3p < 0. (2.44)
From this it is evident that the garden variety cosmological constant suits just fine to produce
inflation. Unfortunately, cosmological constant being true to its name, that is, being constant and
remaining so while all other forms of energy with ρ ∝ a−n, n > 0, tend to zero density. Thus we
would be left with a flat and cold universe filled with nothing but the vacuum energy, something that
quite contradicts our observations. Obviously, a better explanation is called for.
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2.2.3 Scalar Fields
Instead of just an ad hoc cosmological constant we consider a homogeneous scalar field5 called the
inflaton with Langrangian
L = 12∂µϕ∂
µϕ− V (ϕ) = 12 ϕ˙
2 − V (ϕ), (2.45)
where the gradient term is absent since the field is homogeneous, i.e., ϕ = ϕ(t). This Lagrangian
gives the equation of motion for the field
ϕ¨+ 3Hϕ˙+ V,ϕ(ϕ) = 0, (2.46)
where V,ϕ(ϕ) denotes a derivative with respect to ϕ. The equation (2.46) is a oscillator equation with
a damping term coming from the expansion of space. The generalisation to many fields is simple
and we get the same equation for each field
ϕ¨I + 3Hϕ˙I + V,ϕI (ϕ) = 0. (2.47)
Even if there is no explicit interaction between the fields, i.e. V (ϕ) = ∑V (ϕI), they still do couple
through gravity via the evolution of H, which is governed by all of the fields. However, we only
consider a single field here, as the inclusion of multiple fields does not bring anything relevant when
discussing the background evolution only. When perturbations are included in the next chapter, the
situation changes dramatically and there is a fundamental difference between one- and multi-field
cases.
The energy-momentum tensor for the scalar field reads
Tµν = ∂µϕ∂νϕ+ Lgµν . (2.48)
Comparing this to the energy-momentum tensor of the ideal fluid (2.8) we obtain
ρ = 12 ϕ˙
2 + V (ϕ), (2.49)
p = 12 ϕ˙
2 − V (ϕ). (2.50)
If we then consider a field that moves slowly enough, such that 12 ϕ˙2  V (ϕ), we see that the field
closely mimics the cosmological constant as p ∼ −ρ giving rise to a quasiexponential growth of the
scale factor.
The overall picture is that the universe inflates while the field rolls down the potential slowly
enough for the above condition to hold, meaning that the potential needs to be flat enough. The
inflationary phase ends when this condition breaks, usually as the inflaton reaches the bottom of the
potential. Now, the exponential expansion has lead the universe to be completely empty and cold
with all the particles that existed before simply diluted away as ρ ∝ e−nHt, n > 0. All the energy
density is stored in the inflaton field which then must decay into the standard model particles and
reheat the universe so that the normal hot big bang era ensues.
5In many sense an equally ad hoc construct, although the hope is that it would be easier to come up with such
a field than a plain cosmological constant from some fundamental theory. However, this is still very much an open
question.
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Slow-Roll
In addition to the requirement that 12 ϕ˙2  V (ϕ) we also demand that ϕ¨  ϕ˙. Now the equation
of motion and the Friedmann equation read
H2 ' 13M2Pl
V, (2.51)
3Hϕ˙ ' −V,ϕ, (2.52)
The above approximation is valid when these two conditions hold
 ≡ M
2
Pl
2
(
V ′
V
)2
 1, (2.53)
η ≡MPl
(
V ′′
V
)
, |η|  1, (2.54)
where we defined the slow-roll parameters  and η. These are necessary but not sufficient conditions as
they only constrain the form of potential and one can choose ϕ˙ to break the slow-roll approximation.
For the simplest model of inflation with quadratic potential V (ϕ) = 12m2ϕ2 the inflation takes place
when ϕ2 > 2M2Pl.
The amount of inflation produced by the slow-rolling scalar field is
N = ln aend
ainit
=
∫ tend
tinit
dtH = 1
M2Pl
∫ ϕinit
ϕend
dϕ
V
V ′
. (2.55)
In order to produce the desired 60 e-folds of inflation when V (ϕ) = 12m2ϕ2 the initial value for
the field must be ϕ ≈ 16MPl. Since in this case the number of e-folds goes as ϕ2, for example, if
ϕ = 100MPl we get N ≈ 2500. Thus it is simple to have the inflation last long enough, provided
that the field initially has a large enough value.
Chapter 3
Perturbations and the Cosmic
Microwave Background
Thus far we have taken the universe to be spatially homogeneous, isotropic and expanding in time.
On small scales it is obvious that this is not the case and looking at the galaxy distributions we see
structure on the larger scales as well. Fortunately, the deviations from the perfect FLRW-cosmology,
on cosmologically relevant scales, are small enough so we can work close to FLRW-model. From
here on we will only consider the flat universe as that is supported by the observations.
It is not our purpose to give a detailed presentation of the cosmological perturbation theory,
but instead to present an overview how we get from small perturbations in the early universe to
the observed CMB anisotropies in the sky. For the full details we refer to the standard works on
perturbation theory [26, 27]
3.1 Perturbations in the Background
We work close to the simple FLRW-model which is referred to as the background, the evolution of
which was discussed in the previous chapter. Then we introduce a small deviation from this and
write the Einstein equation to first order in this perturbation.
We are thus considering two spacetimes, the simple isotropic and homogeneous background that
is a function of time only, and the real perturbed one. The metric for our perturbed spacetime can
be written as
gµν = g¯µν + δgµν , (3.1)
where g¯µν is the background RW-metric and δgµν is small deviation from it. We will take the first
and second derivatives of the perturbation to be small as well.
From the metric we can calculate the Einstein tensor which also can be split into a background
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and a perturbation part. The same can be done for the energy-momentum tensor as well:
Gµν = G¯µν + δGµν , (3.2)
Tµν = T¯µν + δTµν . (3.3)
The Einstein equation is then of course
Gµν = 8piTµν ⇒ G¯µν + δGµν = 8pi(T¯µν + δTµν). (3.4)
But since the background is just the simple FLRW-universe we know that part already satisfies the
Einstein equations, i.e., G¯µν = 8piT¯µν and thus we are left with the equations for the perturbation
part only
δGµν = 8piδTµν . (3.5)
3.1.1 The Perturbed Metric
Now it is more convenient to work with the conformal time η since then our flat background metric
is simply
ds2 = g¯µνdxµdxν = a2(η)[−dη2 + δijdxidxj ] = a2(η)ηµν . (3.6)
Now the perturbed metric can be written as
gµν = g¯µν + δgµν = a2(η)[ηµν + hµν ], (3.7)
where hµν and its first and second derivatives are taken to be small. Since we are calculating
everything at first order it means that all terms that are O(h2) and higher are dropped. Thus the
inverse metric is
gµν = a−2(η)[ηµν − hµν ]. (3.8)
Now, define the parts of hµν as
[hµν ] =
[
−2A −Bi
−Bi −2Dδij + 2Eij
]
, (3.9)
where the trace of the spatial part is in D, i.e., D = −16hii and Eij is traceless, δijEij = 0. Thus
the general line element of the perturbed spacetime is
ds2 = a2(η){−(1 + 2A)dη2 − 2Bidηdxi + [(1− 2D)δij + 2Eij ]dxidxj}. (3.10)
The background is a function of time only and its evolution is encoded in the scale factor, a = a(η).
The perturbed part, on the other hand, can and does depend on the coordinates, i.e., hµν =
hµν(η, xi).
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3.1.2 Gauge and Gauge Transformations
As discussed above, we are dealing with two spacetimes, the background one and the perturbed
one. The correspondence between these two is by no means unique. Given a perturbed spacetime,
describing the real, slightly inhomogeneous universe, there are an infinite number of ways to choose
which point in that spacetime corresponds to which point in the background spacetime. This choice
of the correspondence, i.e., the choice of [hµν ], is the gauge.
However, there is no one true gauge to rule them all. Some gauges are more appropriate in some
situation than others and often it is simply a matter of personal preference. In this work we will
employ the so called conformal-Newtonian gauge, which we will define shortly, that is appropriate
for our purposes.
What we are interested in are the various perturbed quantities, such as the energy density. In
general, we can have scalar, vector or tensor fields
s = s¯+ δs
wµ = w¯µ + δwµ
Aνµ = A¯νµ + δAνµ.
(3.11)
Since we know the background to be highly symmetric, the background parts of the above quantities
must honour this requirement, thus
w¯µ = (w¯0, 0) and A¯νµ =
[
A¯00 0
0 −13δji A¯kk
]
(3.12)
where these are only dependent on time.
When dealing with the perturbed quantities we have the gauge freedom and the question is how
these quantities change if we change the gauge. To go from one gauge to the other, we make the
coordinate transformation
x˜µ = xµ + ξµ, (3.13)
where ξµ and its derivative are first order small. Under this kind of transformation we get the
following transformations
δ˜s = δs− s¯′ξ0
δ˜w
0 = δw0 + ξ0,0w¯0 − w¯0,0ξ0
δ˜w
i = δwi + ξi,0w¯0
δ˜A
0
0 = δA00 − A¯00,0ξ0
δ˜A
0
i = δA0i +
1
3ξ
0
,iA¯
k
k − ξ0,0A¯00
δ˜A
i
0 = δAi0 + ξi,0A¯00 −
1
3ξ
i
,0A¯
k
k
δ˜A
j
i = δA
j
i −
1
3δ
j
i A¯
k
k,0ξ
0.
(3.14)
3.1.3 Scalar, Vector and Tensor Separation
In addition to the gauge transformations that change the correspondence between the background
and the perturbed spacetime we can consider transformations of the background while keeping the
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gauge fixed. Like stated many times over, our background is isotropic and homogeneous and we do
not want to change this. This choice of background means that we have uniquely fixed our constant
time hypersurfaces which leave us with two kind of transformations.
One is the simple reparametrisation of the time coordinate as defining the unit of time obviously
can’t affect the background geometry. Since we have already chosen to use the conformal time, this
type of transformation is not relevant to us now.
The second kind are the transformations of the spatial part of the background. Since the time part
was already taken care of, these transformations must be independent of time. Also, as the spatial
part of our background is already conveniently the Euclidian one we don’t want to change this either
because a more complicated coordinate system would serve no purpose. Thus we are left with the
3-dimensional rotations. The full transformation is then
xµ
′ = Xµ′ν xν , with Xµ
′
ν =
[
1 0
0 Rj
′
i
]
, (3.15)
where Rj
′
i is the rotation matrix.
Now, transforming our metric with this matrix reveals the reason for choosing the components of
the perturbation [hµν ] as we did:
A′ = A
D′ = D
Bi′ = Rji′Bj
Ei′j′ = Rki′Rlj′Ekl.
(3.16)
So the different parts behave like scalars, a vector and a tensor under the rotations.
This result can still be refined a bit further. In Euclidean space we can decompose a vector into
two parts and a tensor into three. For the vector these parts are
Bi = −B,i +Bvi , (3.17)
where B is a scalar function and Bvi a divergenceless vector field, δijBvi,j = 0. Similarly for the tensor
field we have a scalar Esij , vector Evij and tensor Etij parts
Eij = Esij + Evij + Etij , (3.18)
where the components are a bit more complicated than in the vector decomposition
Esij = E,ij −
1
3δijδ
klE,kl
Evij = −
1
2(Ei,j + Ej,i) with δ
ijEi,j = 0
Etij with δikEtij,k = 0 and δijEtij = 0,
(3.19)
where E is a scalar function, Ei a divergenceless vector and Eij a tensor. Each of the parts is
separately made traceless. Additionally, the vector part is constructed as symmetric while the tensor
part is assumed to be so. Finally the conditions on the tensor part make it also transverse1.
1The Fourier components, Etij(~k), of Etij have non-zero components only perpendicular to the direction of the
Fourier mode. For example if k ‖ zˆ, Etij(~k) = 0 for i, j = 3.
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Now under the transformation (3.15) these components transform as
A′ = A B′ = B D′ = D E′ = E
Bvi′ = R
j
i′B
v
j Ei′ = R
j
i′Ej
Eti′j′ = Rki′Rlj′Etkl
(3.20)
Thus we have decomposed the perturbed metric into scalar, vector and tensor parts according to
their transformation properties under the three-dimensional rotations of the form (3.15).
Since we are doing first order perturbation theory we can study the evolution of the scalar, vector
and tensor parts separately. This is simply because A, D, Bi and Eij are, by definition, first order
small and thus all mixed terms, like ABi, are second order small and we can discard such terms. The
total perturbation is simply the sum of the scalar, vector and tensor parts.
The most relevant part, and the one we will concentrate on, is the scalar perturbation. This is
because this part on the metric side couples to the energy density and pressure and thus describes
the process that eventually leads to the formation of structure in the universe.
The vector part couples to the velocity perturbations, but this type of perturbation decays in the
expanding universe and thus generally assumed unimportant. However, if there are some sources
for the velocity perturbation in the early universe, like primordial magnetic fields, then the vector
perturbations might survive [28]. We do not consider such a situation here and thus take the vector
perturbation to be absent.
The tensor perturbations are simply gravitational waves. If strong enough, they will have important
cosmological implications, but currently they still remain unobserved. Thus we will not study then
in detail, but do mention them where relevant.
3.1.4 The Gauge Choice
From now on we will only consider the scalar perturbations in more detail as that is the cosmologically
most relevant one. Thus we have 4 degrees of freedom in choosing the perturbed metric. This scalar
part was defined by the properties of the perturbed metric under rotations of the background when
keeping the gauge fixed. We still have the gauge freedom to use and this allows us to set any two
of the scalar perturbations to zero. The conformal-Newtonian gauge refers to the gauge where we
choose B = 0 and E = 0. The remaining perturbations quantities A and D are then commonly
denoted as Φ and Ψ and called the Bardeen potentials. Thus our perturbed metric, when only
considering the scalar perturbations, gets the following nice and simple form
ds2 = a2(η)[−(1 + 2Φ)dη2 + (1− 2Ψ)δijdxidxj ]. (3.21)
The function Ψ is sometimes also called the curvature perturbation, since the Ricci scalar on the
hypersurface of constant time is
R(3) = 4a−2∇2Ψ. (3.22)
We will be using this gauge from now on. From this metric we can then calculate the left-hand
side of the Einstein equation.
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3.1.5 Perturbed Energy Tensor
In order to get the full set of Einstein equations we need the perturbed energy-momentum tensor
as well. The process is similar to that above which gave us the perturbed metric. Our background
energy tensor is that of the perfect fluid and now we introduce a small perturbation to that, i.e.,
T νµ = T¯ νµ + δT νµ . (3.23)
This perturbation can also be decomposed into scalar, vector and tensor parts that couple to the
corresponding metric perturbations. Naturally, the choice of gauge has an effect for the energy tensor
as well.
At the end of the day and few sheets of paper, the perturbed energy tensor for scalar perturbations
in the conformal-Newtonian gauge is
T νµ =
[
−ρ¯− δρ −(ρ¯+ p¯)v,i
(ρ¯+ p¯)v,i (p¯+ δp)δji + p¯(Π,ij − 13δji δklΠ,kl)
]
, (3.24)
where v is the scalar part of the velocity perturbation and Π the scalar part of the tensor and describes
the deviation from the perfect fluid.
3.1.6 Curvature Perturbation
We have fixed our gauge to be the conformal-Newtonian one. Therefore we can simply take the
metric (3.21) to give the Einstein tensor and with the perturbed energy tensor (3.24) obtain the
evolution equations for the perturbation quantities. However, this is not the only approach. One can
obtain the evolution equations without specifying the gauge or use a gauge that does not completely
fix the coordinates, such as the synchronous gauge [26]. In these cases there is some residual gauge
freedom still left. In such a case, it is more convenient to define quantities that are invariant under
gauge transformations instead of using the “plain” perturbed quantities such as A or E.
One commonly used such gauge invariant quantity is the comoving curvature perturbation R
defined as:
R ≡ Ψ + 23(1 + w)(H
−1Ψ′ + Φ). (3.25)
We refer to this parameter in our papers since R the quantity that is given as the initial value for
the computer code calculating the CMB angular power spectra.
3.1.7 Entropy Perturbation
The entropy density s is given by s = S/V . It is dominated by the contribution from photons [8],
i.e., s ∝ nγ , where nγ is the number density of photons. Thus the entropy per particle of type i is
S/Ni = s/ni ∝ nγ/ni. From this the entropy perturbation is then given by
δ(nγ/ni)
nγ/ni
= δnγ
nγ
− δni
ni
. (3.26)
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Now, let us define the total entropy perturbation as
Stot ≡ H
(
δp
p′
− δρ
ρ′
)
. (3.27)
In the early universe we have matter (m) and radiation (r) meaning
δptot = δpr + δpm = δpr = 13δρr
δρtot = δρr + δρm
p′tot = p′r + p′m = 13ρ
′
r = −43Hρr
ρ′tot = ρ′r + ρ′m = −4Hρr − 3Hρm,
(3.28)
where the last two equations result from using the energy continuity equation written in conformal
time:
ρ′ = −3H(1 + w)ρ. (3.29)
Thus the total entropy perturbation can be written as
Stot = −14δr +
δρr + δρm
4ρr + 3ρm
= ρm4ρr + 3ρm
(
δm − 34δr
)
, (3.30)
where we have defined a new parameter, the density contrast δi as
δi ≡ δρi
ρ¯i
. (3.31)
Now we define the the entropy perturbation between matter and radiation to be
Smr ≡ δm − 34δr =
δm
1 + wm
− δr1 + wr . (3.32)
For matter, or non-relativistic particles, the energy density is just the rest mass times the number
density, ρm = mnm. Thus δρm ∝ δnm which means δm = δρm/ρm = δnm/nm. On the other hand,
for the radiation or relativistic particles ρr ∝ T 4 and nr ∝ T 3 [8] giving ρr ∝ n4/3r from which we
get δr = 4/3(δnr/nr). Thus the entropy perturbation Smr can also be written as
Smr = δnm
nm
− δnr
nr
= δ(nm/nr)
nm/nr
. (3.33)
In the early universe our matter species are the baryons (b) and cold dark matter (c) while the
radiation consists of photons (γ) and neutrinos (ν). Thus ρm = ρb + ρc and ρr = ργ + ρν . Now the
entropy perturbation can be written as
Smr = abδb + acδc + 43(aγδγ + aνδν), (3.34)
where ab = ρb/ρm, ac = ρc/ρm, aγ = ργ/ρr and aν = ρν/ρr. This then can be put in form
Smr = abSbγ + acScγ − aνSνγ , (3.35)
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where we have defined the entropy perturbation between to types of particles
Sĳ ≡ δi1 + wi −
δj
1 + wj
= δni
ni
− δnj
nj
= −3H
(
δρi
ρ′i
− δρj
ρ′j
)
. (3.36)
It is sufficient to only consider the entropy perturbation between photons and some other type of
particle Siγ since the others can be expressed in terms of these. With this definition, that we shall
use, positive entropy perturbation means relative overdensity with respect to photons for the type of
particles in question.
In addition to these, there is yet another type of entropy perturbation. It is called the neutrino
velocity mode and refers to such a situation, where the rest frame of the neutrino fluid does not
coincide with the rest frame on the photon fluid [29].
Comparing the expressions (3.26) and (3.36) we see that our definitions really correspond to
entropy perturbations. In this thesis we concentrate on the entropy perturbations in the cold dark
matter, thus in our case
S = Scγ = δc − 34δγ . (3.37)
3.1.8 Evolution Equations
Now we have both sides of the Einstein equation and there are equations for the 0-0–, 0-i– and
i-j–components. The i-j equation is split into trace and traceless parts
3H(Ψ′ +HΦ)−∇2Ψ = −4piGa2∇ρ, (3.38)
(Ψ′ +HΦ),i = 4piGa2(ρ¯+ p¯)v,i, (3.39)
Ψ′′ +H(Φ′ + 2ψ′) + (2H′ +H2)Φ + 13∇2(Φ−Ψ) = 4piGa2δp, (3.40)
(∂i∂j − 13δji∇2)(Ψ− Φ) = 8piGa2p¯(∂i∂j − 13δij∇2)Π. (3.41)
The equation (3.41) can be manipulated into the form
Ψ− Φ = 8piGa2p¯Π. (3.42)
Since the quantity Π describes the deviation from the perfect fluid, we see that when there is no
such deviation the two metric perturbations Φ and Ψ are equal.
The equation (3.39) equation gives
Ψ′ +HΦ = 4piGa2(ρ¯+ p¯)v. (3.43)
Using this with the equation (3.38) we get something reminiscent of the equation for the gravitational
potential in Newton’s gravity
∇2Ψ = 4piGa2ρ¯[δ + 3H(1 + w)v], (3.44)
where w is the equation-of-state parameter for the whole fluid.
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The set of equations simplifies considerably if we take the anisotropic stress to be absent since
then Φ = Ψ. The pressure perturbation we get from the definition of the entropy perturbation (3.27)
δp
ρ
= c2s [δ − 3(1 + w)S], (3.45)
where c2s = p¯′/ρ¯′ is the sound speed of the fluid. Using this and the other evolution equations we
get the evolution equation for Ψ
Ψ′′ + 3H(1 + c2s )Ψ′ + 3H2(c2s + w)Ψ− c2s∇2Ψ = −92H2c2s (1 + w)S. (3.46)
While the entropy perturbation evolves according to
S ′′ + (1 + 3c2z)HS ′ = −∇2
(
1
3(1+w)δ − c2zS
)
, (3.47)
where c2z = y3y+4 , y =
a
aeq
and aeq is the scale factor at the time of matter-radiation–equality2.
Fourier Modes
Usually, it is more convenient to work in Fourier space than in coordinate space. With cosmological
perturbations this is especially true. Since we Fourier expand the spatial dependence, and the
only spatial dependence we have is in the perturbed quantities, all our Fourier components are
perturbations. Thus, to first order, there is no mixing between the different Fourier modes and each
one of them evolves independently of one another.
Additionally, we can now classify the evolution, according to the relation of the wavelength to the
horizon, to sub- and superhorizon ones when k > H and k < H, respectively.
In Fourier space the equations (3.46) and (3.47) read
H−2Ψ′′k + 3H−1(1 + c2s )Ψ′k + 3(c2s + w)Ψk + c2s k
2
H2 Ψk = −92c2s (1 + w)Sk (3.48)
H−2S ′′k + (1 + 3c2z)H−1S ′k = k
2
H2
(
1
3(1+w)δ − c2zSk
)
. (3.49)
We see that the entropy perturbation S is a source term for the curvature perturbation Ψ and thus
also for R, which is a function of Ψ. For entropy perturbations, the source term vanishes while the
modes are outside the horizon since then k2H2  1.
Calculating R′ we see that R′ = 0 is equivalent to the equation (3.48) when there is no entropy
perturbation and the mode is outside the horizon [26]. Thus the curvature perturbation stays constant
on superhorizon scales in the absence of entropy perturbations. Actually, the conservation of the
curvature perturbations is valid also beyond first order [30].
Since we are working in first order, the evolution equations are linear and therefore we can write[
R(η,k)
S(η,k)
]
=
[
1 TRS(η, k)
0 TSS(η, k)
] [
R(η∗,k)
S(η∗,k)
]
, (3.50)
2When doing perturbation theory, instead of setting a(t0) = 1 one convenient choice is to define a(teq) = 1.
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where TRS(k) and TSS(k) are called the transfer functions and encode the evolution of the pertur-
bations according to the equations (3.48) and (3.49). The quantities R(η∗,k) and S(η∗,k) are the
initial values for the perturbations specified at some early time η∗ when they were generated in the
first place.
The continuously improving quality of the data has led to a situation where it might no longer
suffice to study the perturbations at first order only. That analysis quickly becomes very complicated
technically [31] as scalar, vector and tensor modes no longer evolve independently and neither do the
Fourier modes. In this case, a non-perturbative approach has been studied as more suitable approach
[32, 33, 34].
The Initial Values R∗ and S∗
The initial values for the perturbation quantities depends on the model by which they are produced.
In the case of inflation, the perturbations arise from the quantum fluctuations of the inflaton field:
ϕ(η,k) = ϕ¯(η) + δϕ(η,k). (3.51)
When considering inflation, there is a crucial difference between single- and multi-field inflation.
With single-field there is only one degree of freedom, the inflaton field ϕ. In this case only curvature
perturbations can be produced and we have [35]
R∗(k) = R(η∗,k) = −H
ϕ′
δϕk, with δϕk ∝ eˆ(k). (3.52)
The expression is evaluated as the mode in question crosses the horizon, i.e., k = H, and eˆ(k) is a
Gaussian random variable with zero mean and unit variance.
If there are more than one relevant field during inflation, i.e., there is more than one degree of
freedom, then it is also possible to produce entropy perturbations. For an example of this in context
of two fields, see [36, 37].
Since we wish to keep our analysis as general as possible, we only specify the statistical nature of
the perturbations, which we take to be Gaussian with zero mean, unit variance and independent of
one another while leaving the amplitude as a free parameter. Thus we have
R(η∗,k) ∝ eˆr
S(η∗,k) ∝ eˆs
with
〈eˆr〉 = 0
〈eˆs〉 = 0
〈eˆreˆ∗s 〉 = δrs. (3.53)
Adiabatic and Isocurvature Perturbations
Instead of referring to curvature and entropy perturbations, we define adiabatic and isocurvature
perturbations. General perturbation can be specified by giving R and S. The adiabatic mode is
initially completely characterised by R while S = 0. The isocurvature perturbation is the opposite,
with S 6= 0 and R = 0. To emphasise, this distinction holds only for the initial condition, as the
situation changes in time as seen from the equations (3.48) and (3.49).
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3.2 The CMB in the Sky
Now we know how the small deviations from the isotropic and homogeneous background evolve.
However, this in itself is not yet enough to find out what we can actually observe, that is the
temperature anisotropies in the CMB. To begin with, we do not have enough information, we have
4 evolution equations, but 6 quantities, δ, δp, v, Π, Ψ and Φ in the full case and one equation and
two quantities less if we make the perfect fluid approximation.
Also missing is the interaction between different types of energy. The Einstein equations describe
only the effect of gravity. The dark energy does not have any interactions and contributes only to
and via gravity. At T ∼ 1 MeV neutrinos have decoupled from photons, so they too only contribute
to the energy density. What is left then is the Compton scattering between photons and baryons.
3.2.1 Temperature and Polarisation Anisotropy
The obvious and simple observables are the temperature anisotropies of the CMB. This is nothing
but the angular dependence in the temperature on the measured CMB, originally sourced by the
small deviations from the smooth background discussed above.
In addition to the simple temperature anisotropies the CMB radiation is also linearly polarised due
to Thomson scattering. The polarisation is slightly more complex to handle than the temperature
anisotropies but the generation of the polarisation in the first place is a rather simple process to
follow.
Thomson Scattering
The polarisation is generated by the Thomson scattering of photons from electrons. Thomson
scattering is the Compton scattering at the limit when there is no energy transfer to photons and
only the photon direction changes. The scattering produces polarisation since the differential cross
section of Thomson scattering depends on polarisations ˆ′ and ˆ of the incident and scattered photons
dσ
dΩ =
3σT
8pi |ˆ
′ · ˆ|2. (3.54)
We see that the scattering is strongest when the polarisation of incident and scattered radiation are
parallel and there is no scattering when they are perpendicular.
To get the overall polarisation scattered in a given direction one needs to integrate over all incoming
directions. If the incident radiation is completely isotropic, then the polarisation generated by the
scattering evens out and we get unpolarised radiation. In order for the scattered radiation to be
polarised the incident radiation must be anisotropic, which it naturally is. The exact calculation
gives that the incident radiation must possess a quadrupole anisotropy for the outgoing radiation to
be polarised [38, 39].
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Amount of Polarisation
A quadrupole anisotropy can be generated at around recombination when the photons decouple from
electrons. Before that, the constant rescatterings erase any generated quadrupole. Thus the window
to generate the polarisation is not too long, since while the recombination proceeds the electrons
and nuclei form neutral atoms and the free electron density decreases, reducing the scatterings that
produce the polarisation.
This generating process makes the polarisation sensitive to the ionisation history of the universe.
The downside is that the amplitude of polarised anisotropy is small, ∼10% of the temparature
anisotropies at best [39] making the observational aspect of polarisation quite challenging.
E- and B-mode Polarisation
Unlike the temperature anisotropy which is a scalar, the linear polarisation can be described a pseudo-
vector, meaning that it has magnitude and orientation. The temperature anisotropy is analysed
in terms of spherical harmonics while for the polarisation we must employ either spin-2 spherical
harmonics [40] or, alternatively, tensor spherical harmonics [41]. Both of these methods lead to the
same result. This can then in the end be expressed in terms of two scalar fields, that are called the
E-mode and the B-mode.
This division turns out to be very useful. The E-mode is generated by the scalar, vector and tensor
perturbations. However, the vector perturbations are taken to be absent and the tensor perturbations
are small in comparison with the scalar ones and thus, for practical purposes, the E-mode comes from
the scalar perturbations. Even more interesting part is the B-mode. That is sourced by both vector
and tensor perturbations, but since the vector part is absent, the B-mode comes from the tensor
perturbations alone. This makes the measurement of the B-mode extremely appealing, since it is the
best probe for tensor perturbations [42, 43]. Unfortunately, exactly because of the low amplitude of
tensor perturbations, the B-mode is yet to be detected.
Another added subtlety is the conversion of the E-mode polarisation to B-mode by the gravitational
lensing by the clusters of galaxies [44, 45]. Thus a B-mode polarisation exists for sure, even in
the absence of tensor perturbations. Fortunately, the primordial B-mode, produced by the tensor
perturbations, peaks at different scales than the one produced by the lensing so these effects should
be separable. This effect also works the other way around, converting B-mode to E-mode, but since
the amplitude of the B-mode is so small to begin with, this effect is extremely small.
3.2.2 Boltzmann Equation
What we need for a more thorough analysis, is the distribution function for a species of particles
f = f(η, xi, qi), which gives the phase space distribution of the particles in question:
dN = f(η, xi, qi)d3xd3q. (3.55)
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From the distribution function we get the energy density, pressure and momentum flux, i.e., the
components of the energy tensor
ρ¯+ δρ =
∫
E(q)fd3q,
p¯+ δp =
∫
δijq
iqj
3E(q) fd
3q,
Π = p¯
∫
(qiqj − 13δijq2)
fd3q
E(q) ,
(ρ¯+ p¯)vi =
∫
qifd3q.
(3.56)
The additional information to describe the system in more detail is then given by the Boltzmann
equation which governs the evolution of the distribution function
df
dη
= C[f ]. (3.57)
The term C[f ] is the collision term describing the interactions between the particles. The full details
from obtaining the angular power spectrum starting from the distribution function can be found, for
example, in [38].
Brightness Function
Since our interacting component is the photons and they is what we eventually observe, we need the
distribution function for photons. For the background universe, assuming thermal equilibrium is a
valid approximation, we have the familiar Bose-Einstein distribution function
feq(η, xi, qi) = f¯(η, qi) =
g
(2pi)3
1
eq/T − 1 , (3.58)
where g is the number of internal degrees of freedom and for photons it is 2. Let us now introduce a
small perturbation to the background by making the temperature anisotropic but maintaining local
thermal equilibrium. Thus the perturbed distribution function is
f(η, xi, qi) = g(2pi)3
1
exp
{
q
T (η)[1+Θ(η,xi,qi)]
}
− 1
. (3.59)
We have introduced a function Θ, called the brightness function, to define the anisotropy in the
temperature, through
T (η, xi, qi) = T (η)[1 + Θ(η, xi, qi)]. (3.60)
Writing the temperature as T = T¯ + ∆T , we see that the brightness function can also be thought
of as the relative temperature perturbation
Θ = ∆T
T¯
. (3.61)
It turns out that the brightness function is independent of the magnitude of qi in first order pertur-
bation theory and thus only depends on the direction nˆ of qi [38]
Θ(η, xi, qi) = Θ(η, xi, nˆ). (3.62)
.
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3.2.3 Angular Power Spectra
What we observe is, as already stated, the temperature anisotropy on the sky today, i.e.,
∆T
T
(η0, xi, nˆ) = Θ(η0, xi, nˆ). (3.63)
The anisotropy is a function of time and space, but in practice we can only make observations on
a single point in spacetime, here and now. Should we be able to make observations on scales that
are not insignificant compared with Hubble length and time, we should expect to see variation in Θ.
Since this is not the case, all the information we get out of Θ is in its angular dependence. Thus we
simply denote
Θ(η0, xi, nˆ) = Θ(nˆ), (3.64)
where we have chosen xi = 0 for simplicity.
Since the temperature anisotropy is now just a function on the sky, we expand it in terms of
spherical harmonics
Θ(nˆ) =
∑
lm
almYlm(nˆ). (3.65)
The multipole coefficients alm can then be simply obtained by the orthogonality of the spherical
harmonics
alm =
∫
dΩΘ(nˆ)Y ∗lm(nˆ) = (2pi)−
3
2
∫
dΩd3kΘ(nˆ,k)Y ∗lm(nˆ), (3.66)
where the latter form just comes from the inverse Fourier transformation with eik·x = 1 since we
chose x = 0.
The angular power spectrum Cl is defined as the variance of the multipole coefficients alm, i.e.,
Cl ≡ 〈alma∗lm〉. (3.67)
The angular power spectrum is independent of m meaning that only the angular scale of the
anisotropy matters not its orientation. Thus we have
Cl =
∫
dΩdΩ′Y ∗lm(nˆ)Ylm(nˆ′)(2pi)−3
∫
d3kd3k′〈Θ(nˆ,k)Θ∗(nˆ′,k′)〉. (3.68)
Now Θ(nˆ,k) is the Fourier mode of the temperature perturbation and its evolution is given by the
Boltzmann equation. Since we are working with first order perturbations the evolution equations are
linear and we can write similarly as we did for the perturbed Einstein equations:
Θ(η0, nˆ,k) = g(η0, nˆ, k)X(ηinit,k), (3.69)
where g(η0, nˆ, k) is the transfer function encoding the evolution of the perturbations from the initial
time ηinit to today and X(ηinit,k) is a quantity characterising the perturbation at the initial time. We
wrote the times explicitly to emphasise when the quantities are defined. We note that the transfer
functions are functions of the magnitude k, but not the direction, of k meaning that the Boltzmann
equation does not have a preferred direction.
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Now we need the correlator for the initial perturbations X(ηinit,k) = X(k). For a process that is
isotropic and Gaussian, the different Fourier modes are independent and the correlation only depends
on the magnitude of k:
〈X(k)X∗(k′)〉 = 2pi
2
k3
PX(k)δ(3)(k− k′), (3.70)
where PX(k) is called the power spectrum of X.
Inserting (3.69) into (3.68) and using the correlation (3.70) we get, after intergrating over k′,
Cl =
∫
dΩdΩ′Y ∗lm(nˆ)Ylm(nˆ′)
∫
dk
k
g(η0, k, nˆ)g∗(η0, k′, nˆ′)PX(k). (3.71)
Let us then expand the transfer functions in terms of spherical harmonics:
g(η0, k, nˆ) =
∑
l′m′
gl′m′(η0, k)Yl′m′(nˆ). (3.72)
Inserting this into the expression for Cl and performing the two angular integrations we obtain
Cl =
∫
dk
k
|glm(η0, k)|2PX(k) =
∫
dk
k
g2l (η0, k)PX(k). (3.73)
The last expression in (3.73) follows from the fact that the transfer functions are real and the
orientation is included in the transfer functions (essentially there is a sum over all m).
Angular Power Spectra for the General Case
The expression (3.73) gives the angular power spectrum of the temperature anisotropies. The result
for the polarisation and temperature-polarisation crosscorrelation is formally the same. In our case
we are studying the isocurvature perturbations as well, so next we present the expression (3.73)
generalised to include polarisation and both adiabatic and isocurvature perturbations.
The correlation for a more generic case of initial perturbations is given by
〈X(ηinit,k)Y ∗(ηinit,k′)〉 = 2pi
2
k3
CXY (ηinit, k)δ(3)(k− k′), (3.74)
where X and Y are the initial perturbations and can include any combination adiabatic and isocur-
vature modes. In case of autocorrelation the correlator CXX is called the power spectrum and usually
denoted by PX . The assumption that the initial perturbations are produced by a isotropic Gaussian
process applies here as well.
The total angular power spectra is then given by
Cabl =
∑
XY
∫
dk
k
CXY (ηinit, k)gaXl(k)gbY l(k). (3.75)
The indices a and b denote temperature T or polarisation E/B anisotropies and the sum goes over all
combinations. The transfer functions gaXl(k) are separate for temperature and polarisation, denoted
by the index a, and describe how a perturbation of type X evolves from the initial time ηinit to today
η0.
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For the calculation of the CMB anisotropies, the initial time is when the universe was still deep
in the radiation dominated era and all of the cosmologically interesting scales, i.e., the ones we
can observe today, are well outside the horizon. It is, however, after the nucleosynthesis so the
temperature is around T ∼ 0.1 MeV. Thus the energy menu consists of photons, neutrinos, baryons
and cold dark matter. The dark energy we take to be the cosmological constant which does not have
perturbations and therefore affects the background evolution only. We denote this time as ηrad.
As mentioned above, there is an emerging need to study the perturbations beyond first order in the
perturbative expansion. Since the CMB is what we actually observe, also the Boltzmann equation
needs to be expanded to second order. This also becomes technically very complicated [46, 47] as
well as computationally more challenging and currently there are no, at least not publicly available,
implementations that could produce the CMB anisotropies to second order.
3.2.4 Angular Power Spectra in Our Analysis
The equation (3.50) at the initial time ηinit = ηrad reads[
R(ηrad,k)
S(ηrad,k)
]
=
[
1 TRS(k)
0 TSS(k)
] [
R(η∗,k)
S(η∗,k)
]
, (3.76)
where the transfer functions TXY (ηrad, k) = TXY (k) encode the evolution from the generated
perturbations to our initial time of ηrad. As stated before we take the perturbations to be produced
by a isotropic Gaussian process in such a way that they are initially uncorrelated.
With the equation above and the definitions (3.53) the correlator (3.74) gives
CRR(ηrad, k) = PR(η∗, k) + T 2RS(k)PS(η∗, k), (3.77)
CRS(ηrad, k) = TRS(k)TSS(k)PS(η∗, k), (3.78)
CSS(ηrad, k) = T 2SS(k)PS(η∗, k), (3.79)
where PR(η∗, k) and PS(η∗, k) are the power spectra of the generated adiabatic and isocurvature
perturbations. We now see that the adiabatic mode CRR is actually formed out of two parts, the
original generated adiabatic perturbation and the adiabatic perturbation sourced by the isocurvature
perturbation. The isocurvature part CSS is only sourced by the original generated isocurvature
perturbation. There is also a correlation between the adiabatic and isocurvature perturbation CRS
since they partially share the same source.
The exact form of the power spectra and the transfer functions is model dependent. In order to
be able to calculate the CMB angular power spectra we need to approximate the transfer functions
and power spectra, which we now assume to take the following form
PR(t∗, k) ∝ km1
PS(t∗, k) ∝ km2
and
TRS(k) ∝ km3
TSS(k) ∝ km4
(3.80)
This and the statistical nature are the only approximations that we make regarding the origin of
perturbations. The results from the analysis are applicable for any model for which this approximation
applies.
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With the above power law approximation the autocorrelations are
PR(ηrad, k) = CRR(ηrad, k) = A2r
(
k
k0
)nad1−1
+A2s
(
k
k0
)nad2−1
,
PS(ηrad, k) = CSS(ηrad, k) = B2
(
k
k0
)niso−1
,
(3.81)
where k0 is the scale at which the amplitudes, Ar, As and B are defined. We have chosen this scale,
called the pivot scale, to be k0 = 0.01 Mpc−1. We also comment on the effects of this choice in the
analysis in section 4. The spectral indices are
nad1 = m1 + 1,
nad2 = m2 + 2m3 + 1,
niso = m2 + 2m4 + 1.
(3.82)
If we would only consider adiabatic perturbations, then only the first term of first equation would
exist and the spectral index nad1 would be the usual adiabatic spectral index. The presence of a
correlated isocurvature perturbation means that we can not characterise the adiabatic spectra by just
a single spectral index.
The crosscorrelation between the second adiabatic and the isocurvature mode is
CRS(ηrad, k) = CSR(ηrad, k) = AsB
(
k
k0
)ncor−1
, (3.83)
where the correlation spectral index is not an independent parameter but
ncor = m2 +m3 +m4 + 1 =
1
2(nad2 + niso). (3.84)
Now using the equation (3.75) with (3.81) and (3.83) we get the expression for the temperature
and E-mode polarisation angular power spectrum:
CAAl =
∫
dk
k
[
A2r(gARl)2k˜nad1−1 +A2s(gARl)2k˜nad2−1
+B2(gASl)2k˜niso−1 + 2AsBgARlgASlk˜ncor−1
]
≡ A2rCˆAAad1l +A2sCˆAAad2l +B2CˆAAisol +AsBCˆAAcorl ,
(3.85)
where A denotes either temperature, T , or E-mode polarisation, E, and we use the shorthand
notation k˜ = k/k0. The temperature-polarisation crosscorrelation angular power spectra is
CTEl =
∫
dk
k
[
A2rg
T
Rlg
E
Rlk˜
nad1−1 +A2sgTRlgERlk˜nad2−1
+B2gTSlgESlk˜niso−1 +AsB(gTRlgESl + gTSlgERl)k˜ncor−1
]
≡ A2rCˆTEad1l +A2sCˆTEad2l +B2CˆTEisol +AsBCˆTEcorl .
(3.86)
Thus we now have three separate amplitude parameters to use in the analysis. The simplest choice
would just use Ar, As and B as such. However, this is not the best choice as we would prefer to have
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Figure 3.1: Components of the angular power spectrum and the matter power spectrum with unit amplitudes.
Figure from [2].
one overall amplitude and then relative contributions to the isocurvature and correlation parts. In
the end, there is no best choice of parametrisation and we will discuss this more in the next chapter.
In addition to the above, we prefer such an amplitude parametrisation for which the data has a
linear response. Thus we define the overall amplitude A as
A2 ≡ A2r +A2s +B2 (3.87)
and the isocurvature fraction and the degree of correlation as
α ≡ B
2
A2
with α ∈ [0, 1], (3.88)
γ ≡ sign(AsB) A
2
s
A2r +A2s
with γ ∈ [−1, 1]. (3.89)
With these parameters the total angular power spectrum can be written as:
Cl = A2[(1− α)(1− |γ|)Cˆad1l + (1− α)|γ|Cˆad2l + αCˆ isol
+ sign(γ)
√
α(1− α)|γ|Cˆcorl
≡ Cad1l + Cad2l + C isol + Ccorl .
(3.90)
The quantities Cˆad1l and Cˆad2l are the adiabatic spectra that would result from a curvature pertur-
bation R(ηrad) with unit amplitude, i.e., Ar = 1 or As = 1. They are otherwise exactly the same,
but have their own spectral indices nad1 and nad2, respectively. Likewise, Cˆ isol is the isocurvature
spectrum from the entropy perturbation S(ηrad) with unit amplitude B = 1 and the correlation Cˆcorl
the contribution with AsB = 1. Figure 3.1 shows the components for the temperature spectrum for
such a case.
3.2.5 Matter Power Spectrum
In addition to the distribution of photons, one can also track the inhomogeneities in the matter
distribution, which is effectively the cold dark matter distribution since that constitutes most of the
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matter density [13]. A relation similar to (3.90) holds also to the matter power spectrum, the unit
amplitude example of which is shown in figure 3.1.
The observations for the matter power spectrum come from the galaxy redshift surveys [5]. The
galaxies track the distribution of the dark matter which has been decoupled from other particle
species for a long time. Thus it has had time to form the gravitational wells where the baryonic
matter has subsequently fallen. The redshift surveys probe the three-dimensional distribution of the
galaxies and therefore the matter power spectrum is given as two point correlator in the Fourier space
insted of in harmonic space as the CMB anisotropies.
Chapter 4
Analysing the Cosmic Microwave
Background
Until now we have presented the theoretical framework for how the initial perturbations evolve to
form the present observable CMB anisotropies. In this chapter we discuss what data is available,
how it is analysed and what are the limits on the isocurvature contribution.
Unfortunately there are no exact analytical expressions for the angular power spectra. Under
various approximations one gets reasonably good analytical results which are beneficial to see how
the features in the spectra come about. In order to make comparisons to the available data, the
analytical results are not accurate enough and one has to resort to numerical calculations. Fortunately
there is a selection of freely available codes to calculate the CMB spectra, such as CMBFAST [48],
CMBEASY [49] and CAMB [50], which is the one we use in our analysis. The Markov chains are
created and analysed using CosmoMC [51].
4.1 CMB Observations
The story of successful CMB measurements begun in 1965 when Penzias and Wilson detected the
remnant radiation for the first time. As it occasionally happens in science, this was an accidental
discovery. Penzias and Wilson were interested in radio astronomy, not cosmology, and the uniform
excess noise from the sky they observed was a worrying problem for them. Eventually, they resolved
that it was not a question of, say “white dielectric material” by pigeons living in the antenna, but
rather a new discovery for which they received the Nobel price in 1978.
Obviously, the first measurement only detected the isotropic part of the CMB radiation leaving
the anisotropies for the future. Nonetheless, it proved that there was indeed something to measure
and in the ensuing years there was no lack of efforts to measure the deviation from homogeneity, as
seen in the background of the figure 4.1.
It was not until almost three decades later in 1992, when the results from the COBE satellite were
published [52], that the anisotropies in the CMB were finally observed for the first time. COBE had
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Figure 4.1: Various CMB measurements with corresponding errors. The inset shows the measurements for
the lowest multipoles. Figure from [45]
an angular resolution of about 7 degrees, meaning that it was not able to detect structure on smaller
scales than that. Since the horizon at the time of last scattering is subtends about one degree in
the sky, COBE could only observe superhorizon scales. Thus the most interesting features of the
CMB still remained hidden. Nonetheless, this measurement found out that the deviation from the
homogeneity was at the 10−5 scale.
The measurements that began seeing more structure, specifically the first acoustic peak, in the
angular power spectrum were Boomerang [53] and MAXIMA-1 [54] in 2000. Unlike COBE, these
were balloon-borne experiments that made their observations high in the Earth’s atmosphere.
Nowadays the most important source of CMB data is the WMAP satellite which has been taking
data since 2001 is still in operation and is expected to run at least until 2009. Thus far the WMAP
team has made three data releases, for 1-year [55], for 3-years [56] and, just recently, for 5-years [13]
of observations. Naturally, this is also the main data source in our studies, where we use the 1- and
3-year data sets. The increase in the accuracy from the first Boomerang observations to the current
WMAP results is obvious in figure 4.2.
In addition to the accurate temperature anisotropy measurements, the WMAP provides usable
polarisation data as well. The first detection of a polarisation signal was, however, not done by
WMAP but instead by DASI [57], which is a ground-based instrument operating at the south-pole.
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Figure 4.2: The angular power spectra for the ﬁrst Boomerang data release on the left and for 5-year WMAP
on the right. Figures by the Boomerang team [53] and WMAP Science Team [13]
The accuracy of the data from DASI, and to some extent from the 1-year WMAP as well, was not
yet suﬃciently high to provide good constraints on cosmological parameters. This situation has been
improved in the 3- and 5-year data releases.
Currently there are only tentative measurements for the ﬁrst few multipoles of the E-mode CEl
and no detection for the B-mode CBl [13]. Only the spectra for the TE-crosscorrelation, C
TE
l is
measured to some accuracy as can also be seen in the ﬁgure 4.2.
The data from WMAP is unarguably very good, but it is not perfect. The instrument does not
have an inﬁnitely small angular resolution but is limited to l  900. Thus one can augment the
WMAP data by including data from other, ground-based, experiments that probe the smaller scale
anisotropies. In our analysis we include additional data from CBI [58] and ACBAR [59] in [2] and
Boomerang [60] and ACBAR [59] in [3].
The problem with combining data from diﬀerent instruments for the same observables, the CMB
anisotropies in this case, brings up the question of calibration or some other systematic errors between
the instruments. The best case would be that one instrument would provide the angular power spectra
to small enough scales that there would be no need to add additional sources for the data. The
Planck satellite by ESA [61] can hopefully provide just this. It is to be launched within a year
and should provide accurate measurements upto l  2500. Planck is also designed to measure the
polarisation and should get good spectra for the E-mode and hopefully at least detect the B-mode
as well.
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Matter Power Spectrum
In addition to the CMB anisotropies we also use the data on the matter power spectrum. It constrains
the amount of matter in the universe and helps breaking degeneracies between the cosmological
parameters. The matter power spectrum comes from measuring the redshifts to a large number of
galaxies around us, typically tens to hundreds of thousands of redshifts are measured. The article by
the SDSS collaboration [62] discusses the constraints from the matter power spectrum extensively.
In our analyses we use the SDSS data [62, 5].
The problem with the observed matter power spectrum is that on the smallest scales it probes,
the evolution of the perturbations begins to be nonlinear. Thus one must either model the nonlinear
evolution in the calculated matter power spectra in order to make comparisons with the data, or not
use the smallest scale data at all. In our analysis we remain on the perturbative regime and do not
consider the nonlinear structure.
4.2 Cosmological Parameters and the CMB Spectra
4.2.1 Anisotropy Overview
Looking at the overall shape of the temperature Cl-spectrum it is easy to discern three distinct
features. The flat part at large scales, l . 100, the oscillating part at the smaller scales l & 100,
and the decreasing amplitude of the oscillations. While the exact shape of the Cl must be obtained
by numerical calculation, the physics behind the various parts is easy to understand [45].
The almost featureless part of the spectrum describing the largest scales at l . 100 is called the
Sachs-Wolfe–plateau. This part of the spectrum corresponds to the scales that were outside the
horizon at the time of recombination. There are essentially no features in the spectrum as there
were no causal physics affecting these scales. The rise of power at the very largest scales at l . 20
is due to the evolution in the gravitational potential along the line of sight from us to the surface of
last scattering. This evolution is caused by the vacuum energy that begins to dominate the energy
density and flattens the potential wells of the matter. The photons blueshift as they fall into the
potential well but do not redshift as much as they climb out, resulting in an additional energy.
The smaller scales enter the horizon before recombination and for those scales there can be
causal effects. Before recombination the baryons and photons form a tightly coupled fluid due to
photons scattering from the charged particles. The dark matter does not interact with this and
the inhomogeneities in the dark matter simply grow in time. The photons start falling into the
gravitational wells formed by the matter inhomogeneities. However, at some point when the photon
density gets high enough, the photon pressure becomes great enough to counteract the gravitational
pull and the overdensity in the baryon-photon fluid begins to decrease. This way the baryon-photon
fluid begins to oscillate under gravity and pressure working against one another.
The first peak in the Cl corresponds to a scale that entered the horizon just enough before
recombination that the oscillation had time to reach maximal overdensity and we see strong structure
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on this scale. The next peak is a mode that had reached the maximal overdensity and then the
maximal underdensity. Even though it is the first trough in the oscillation, it is because the angular
power spectrum is essentially a square of the oscillations, it shows up as a peak in Cl.
There is not a uniform set of peaks in the angular power spectrum. The odd peaks are somewhat
higher than the even ones and there is an overall damping of the amplitude in the small scales. The
difference in the peak heights is caused by the baryons. Increasing the number of baryons decreases
the pressure of the baryon-photon fluid, thus decreasing the counterforce for gravity and reducing
the underdensities a little. This shows up as alternating heights in the angular power spectrum.
The overall damping of the power is due to the diffusion of photons. As the photons scatter around
they move in a random walk. The distance travelled by random walk is proportional to the square
root of the total distance travelled. The total distance is the mean free path of the photon times
the time travelled. The characteristic time scale is of course the Hubble time, thus we have
ddiff ∼
√
dγmfpH−1. (4.1)
Anisotropies on scales less than ddiff should be suppressed and this is exactly what we see in the
angular power spectra.
4.2.2 Cosmological Parameters
In the end what we are aiming for is to use the data to constrain the values of the cosmological
parameters. They can naturally be divided into three sets: background, perturbation and calibration
parameters.
Background
These are the parameters that define the evolution of the background universe. They are the total
energy density parameter Ωtot and its constituents Ωi, the Hubble parameter today H0 and the
dark energy equation of state parameter w. Obviously, the exact number of different parameters
depends on the model in question. In the simplest flat model with cosmological constant, denoted as
ΛCDM-model, three parameters is enough. These being the baryon and cold dark matter densities,
Ωb and Ωc, and H0.
Often the Hubble parameter is not used as a free parameter as it is not that well constrained
by the data as can be seen in the distribution of figure 4.5. Instead one uses the physical density
parameters ωi = h2Ωi. Now giving ΩΛ, ωb and ωc is sufficient to specify the simplest model.
The CMB data alone can not constrain the spatial curvature and even the 5-year WMAP papers do
not give constrains to Ωtot from CMB alone. This is because what is determined very accurately by
the CMB is the position first acoustic peak, i.e., the angle of the sound horizon at the last scattering
surface, which is the ratio rs(zrec)/dA(zrec). The sound horizon at the recombination, rs(zrec), only
depends on the physical matter densities ωm and ωc, which are constrained by the relative heights of
the acoustic peaks. The angular diameter distance depends on Ωtot, Ωm, w and h. Thus measuring
4.2 Cosmological Parameters and the CMB Spectra 41
the location of the first peak, one gets a measurement for the angular diameter distance at one scale
and from this it is not possible to constrain all of the parameters simultaneously.
An additional constraint on the value of the Hubble parameter, for which there is independent
measurements from the Hubble Space Telescope key project [63] allows one to get a considerably
tighter constraint for the curvature, Ωtot = 1.003+0.017−0.013 [56].
We restrict ourselves to study the flat case only as the evidence points to that direction. In
the context of inflation obtaining a closed universe requires a bit of fine tuning [64]. Also, from a
practical point of view, the inclusion of non-flat models makes the analysis in our case computationally
infeasible.
Since the first peak position is accurately determined by the data, it makes sense to use that as
an independent parameter
θ = θ(ωb, ωc, h) ≡ 100× rs(zrec)
dA(zrec)
. (4.2)
Perturbation
In the simplest ΛCDM-model with adiabatic perturbations only, the perturbations are parametrised
by one amplitude and one spectral index. To consider more complicated models more parameters
are needed and as discussed in the previous section, we require three amplitudes and three spectral
indices.
Calibration
These are the extra parameters that are required, but do not really belong to either of the earlier
groups. The most relevant one here is the reionisation optical depth τ which gives the fraction
of photons that have rescattered since the recombination. As discussed earlier, the polarisation is
very sensitive to the ionisation history of the universe. When the universe becomes ionised again
by the light from the first stars, it is once again possible to produce more polarisation via Thomson
scattering. The measured polarisation places good limits on the optical depth, but provides little
or no limits to other parametres. This can be seen by replacing the polarisation data in the data
analysis by a prior constraint on τ which has only small effect on the results [65].
Another is the bias parameter b of matter power spectrum. It is the relation between the measured
and the primordial matter power spectrum
P SDSSgal (k)|zeff'0.15 = b2Pm(k)|z=0. (4.3)
The measured power spectrum comes from the measurements of galaxy distributions that are made
on a range of different redshits and the result is given at some effective redshift zeff , for example, in
[66] they use zeff ' 0.15. The theoretical matter power spectrum is, on the other hand, given as it
is now, i.e. at redshift zero.
In our second paper we had the bias as a free parameter, but in the last one we analytically
marginalise or integrate over it as described in [51, 67].
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4.3 Bayesian Method
In our first paper [1], we used a simple “grid” to explore the parameter space. It is very simple
to implement and parallelise to use in a multiprocessor computer. Seeing that the results looked
promising and warranted a further research it was obvious that the old method was insufficient for
exploring the parameter space in detail.
In the grid method, one simply chooses a set of values for each parameter in advance, calculates
the theoretical spectra and compares these with the data for each parameter combination. This
scales to the power of the number of parameters. For example, with ten parameters and ten values
for each, which gives a very coarse grid, one has 1010 combinations. Grossly underestimating the
time taken by the calculation for a single set of parameters to be one second, results in the total
time required to scan the grid being 317 years. Obviously, a better method is called for.
Fortunately a better method exists in the form of Bayesian analysis [68] (see also [69, 51]). What
we have is a set of cosmological parameters θ the values for which we want to determine and the
data D we are using. The quantity we wish to obtain is p(θ|D), which is the posterior probability
density function (PDF) for the parameters θ given the data D.
The Bayes’ theorem states, that the PDF p(θ|D) is
p(θ|D) = p(D|θ)p(θ)
m(D) , (4.4)
where m(D) = ∫ dθp(D|θ)p(θ) is called the marginal PDF of D and can be taken as a normalisation
constant as it it independent of θ. The function p(θ) is the prior PDF of the parameters and encodes
all the information about the parameters before using the data D. The remaining part, p(D|θ), is
the likelihood function which is the PDF for observations to produce D for a given θ and encodes
all the information we get for the parameters from the data.
The likelihood, often denoted by L, for a given value of θ can be obtained by calculating the
theoretical angular power spectra and comparing this to the measured one, with
−2 lnL =
∑
l
(Cthl − Cobsl )2
σ2l
= χ2, (4.5)
where σ2l is the error of the measurement. This form for the likelihood is not mandated by any means,
and the WMAP team provide their own likelihood code [56, 70, 71] that they have optimised to fully
utilise the WMAP data at the cost of greater computational complexity. In general the likelihood is
constructed such that a model with better fit to the data has higher likelihood than model with a
poorer fit.
What we want to find out are the single parameter θi posterior PDFs and to obtain those we must
integrate over all other components
p(θi|D) =
∫
dθ1 . . . dθi−1dθi+1 . . . dθnp(θ|D). (4.6)
It would appear that we are no better off than we were with the grid method since calculating
the above integral by directly sampling the posterior distribution means calculating the spectra and
likelihood at all points in the parameter space.
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Instead of sampling the posterior PDF directly, which clearly is computationally very intensive oper-
ation, we can sample the posterior by forming a Markov chain by the Metropolis-Hastings–algorithm
[68] (and references therein). This method is called the Markov chain Monte Carlo (MCMC) method.
This process generates a chain of correlated samples which, when the chain is run long enough,
reaches an equilibrium at which point the samples can be regarded as samples from the posterior
PDF. This method scales roughly linearly as the number of parameters is increased, thereby making
it viable for studying more complicated models.
The Metropolis-Hastings–algorithm works with a very simple principle. When the Markov chain is
at θi in the parameter space a new location θ′ is generated by an auxiliary PDF q(θ′|θi). The chain
moves to this new location with propability α(θ′|θi) which is given by
α(θ′|θi) = min
{
p(θ′)p(D,θ′)q(θi|θ′)
p(θi)p(D,θi)q(θ′|θi) , 1
}
, (4.7)
with p(D,θ) being the Likelihood function. Commonly we have uniform or flat prior distribution
p(θ′) = p(θi), i.e., we do not have any preferences for the values of parameters. Also the generating
PDF is often symmetric q(θ′|θi) = q(θi|θ′) meaning that the new position in the chain is drawn from
the same distribution in the whole parameter space. In this common case the transition propability
reduces to a ratio between the likelihoods:
α(θ′|θi) = min
{
p(D,θ′)
p(D,θi) , 1
}
. (4.8)
Thus we generate the Markov chains by the MH-algorithm by choosing a random starting position
at θ0. Then we take the next trial step to θ1 chosen from the generating PDF q(θ1|θ0) and accept
this with probability α(θ1|θ0). If the step is accepted we continue from θ1 by the same process, if
the step is rejected we take a new trial step from θ0. In the abovementioned simple case when the
transition probability is just the ratio between the likelihoods the new location if always chosen if
the new set of parameters give a better fit to the data while a poorer fit is only occasionally chosen.
This behaviour allows the chain to locate the global maximum of likelihood and scan the volume
around it accurately. If the transition propability would not allow transitions to lower likelihood, the
chain would easily be stuck at some local maximum.
An additional nice feature of the MCMC-method is that it is easy to parallelise by simply starting
multiple chains. Since there is no, or very little, need to exchange information between the different
chains, this kind of computation is exceptionally well suited for cluster computers.
As stated, the Markov chain does not immediately begin to sample the posterior PDF that we wish
to uncover but there is a period called burn-in before the chain reaches equilibrium. While the theory
quarantees that the chain will eventually reach the equilibrium, or converge, for a wide selection of
generating PDFs it makes no claims about how long this will take. Also, there is no simple indicator
to follow the convergence of the chain. In practice this means that one needs to keep an eye on the
chains as they are generated.
One statistic to follow is the Gelman-Rubin R − 1 statistic [72]. This does not measure the
convergence of the chains, but their mixing instead. It means essentially that R − 1 is around zero
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Figure 4.3: Two-dimensional distribution for the two adiabatic spectral indices. The eﬀect when one index is
more strictly constrained while the other is less strictly constrained is clearly visible.
if the chains have all scanned the same region in the parameter space. While this alone can not
quarantee that the chains have really converged, looking at the chains themselves to see how they
have covered the parameter space, one can be fairly certain the the results hold. Should one come
across some pathological case where the parameter space has multiple distinct local likelihood maxima
(multimodal parameter space), then using the MCMC-method would become problematic. This is
not the case for the parameters we are analysing. For the simple adiabatic ΛCDM the likelihoods
are nearly Gaussian and in our case somewhat distorted but still not multimodal, thus making the
use of MCMC-method a valid approach.
4.3.1 The Choice of Parameters for the MCMC Runs
The best set of parameters is such that changing any one of them also aﬀects the predictions,
or, that there are no degeneracies between the parameters. An example of a degenerate pair is
the adiabatic spectral index n and optical depth τ when considering the simple adiabatic model in
absence of polarisation data. Increasing τ suppresses the angular power on small scales, but this can
be compensated, up to a point, by increasing n. This degeneracy is no longer a problem since the
optical depth is now accurately constrained by the polarisation data.
We are now considering a more complicated model and found there to be a problem with the
standard parametrisation of the perturbations with spectral indices. The full angular power spectrum
is
Cl = A
2[(1− α)(1− |γ|)Cˆad1l + (1− α)|γ|Cˆ
ad2
l + αCˆ
iso
l + αcorCˆ
cor
l ], (4.9)
where we deﬁned a shorthand notation for the factor in the last term
αcor = sign(γ)

α(1− α)|γ|. (4.10)
The total spectrum is dominantly adiabatic with a small fraction of isocurvature allowed. In terms
of parameters this means that α is small. Now the problem is that when α is practically zero,
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the isocurvature spectral index becomes essentially unconstrained. This is because the isocurvature
spectral index only shows up in the isocurvature spectrum Cˆ isol and with α ≈ 0 it has no contribution
to the total spectrum.
A similar case happens with the two adiabatic indices nad1 and nad2. Again with small α also the
contribution from the correlation Cˆcorl is small and the degree of correlation, γ can vary freely. Now,
when |γ| ≈ 0 the contribution from Cˆad2l is small and nad2 becomes unconstrained and vice versa
for |γ| ≈ 1. This effect can be seen in the figure 4.3.
To alleviate this problem, instead of using an amplitude and a tilt, or a spectral index, to describe
the perturbation spectra, we define two amplitudes at different scales instead. We choose to specify
the amplitudes at scales k1 = 0.002 Mpc−1 and k2 = 0.05 Mpc−1. More details about the relation
between these parametrisations see the appendix of [3]. Using this parametrisation the MCMC chains
converge considerably faster than with the standard parametrisation.
Thus our final set of 10 parameters is
Background Amplitude at k1 Amplitude at k2
ωb physical baryon density lnA21 overall lnA22 overall
ωc physical cold dark matter density α1 isocurvature α2 isocurvature
τ reionisation optical depth γ1 correlation γ2 correlation
θ angle of the sound horizon
These are out primary parameters for which we assign flat prior probability densities and all other
parameters are derived from these.
4.4 Results
In this section we present select results and refer to the papers [1, 2, 3] for the full details.
4.4.1 Adiabatic Spectral Index
As discussed in the section 4.3.1 above, the adiabatic spectral indices are conditionally constrained.
This can be seen in the one-dimensional distributions in figure 4.6 where the distributions for nad1
and nad2 are very wide. The two-dimensional distribution in figure 4.3 also clearly shows that when
one index is close to unity, which is the expected value, the other can vary on a wide range.
When considering the adiabatic model, the spectral index n is very well constrained. Have we lost
this accuracy with the introduction of the more compicated model? Fortunately this is not the case
since comparing nad1 and/or nad2 to n means comparing wrong parameters. Since now our adiabatic
spectrum is formed out of two parts, we can define an effective adiabatic spectral index as follows
neffad(k˜)− 1 =
d lnPR(k˜)
d ln k =
(nad1 − 1)(1− |γ|)(˜k)nad1−1 + (nad2 − 1)|γ|k˜nad2−1
(1− |γ|)k˜nad1−1 + |γ|k˜nad2−1 . (4.11)
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Figure 4.4: The effective adiabatic spectral index neffad of our correlated model compared with the spectral
index n of the pure adiabatic model.
Defined as such, the spectral index is a scale dependent quantity. To compare with the simple
adiabatic spectral index we need neffad at the pivot scale, i.e., when k˜ = 1, which gives
neffad|k=k0 = (nad1 − 1)(1− |γ|) + (nad2 − 1)|γ|+ 1. (4.12)
Now comparing this effective spectral index neffad to the simple adiabatic one n we see that the neffad
is also well constrained as is shown in figure 4.4.
4.4.2 Nonadiabatic Contribution
We show one-dimensional marginalised likelihoods for selected primary and derived parameters in
figures 4.5 and 4.6. Instead of the amplitudes at k1 and k2 we show the derived parameters: the
spectral indices and the amplitude parameters α and γ at the intermediate scale k0 = 0.01Mpc−1
since they are the more familiar parameters.
The data lead to likelihood peaks at clearly non-zero values for α (the ratio of the primordial entropy
perturbation power to the total perturbation power at k0) and favour a positive γ. (This significantly
reduces the pivot-scale dependence of the likelihoods discussed in [2].) These are obtained from the
likelihood functions corresponding to the amplitude parametrisation with flat priors for the primary
parameters. As can be seen from figure 4.5 the exact confidence levels depend on the assumed priors,
but the conclusions are not changed at a qualitative level. We discuss the priors more in section
4.4.4.
Since the definitions of the primary amplitude parameters (e.g. α) depend on the choice of pivot
scale, we also define
αT ≡
∑(2l + 1)(C isol + Ccorl )∑(2l + 1)Cl , (4.13)
the total non-adiabatic contribution to the CMB temperature variance,〈(
δT
T
)2〉
=
∑
l
2l + 1
4pi Cl . (4.14)
One thing to note about αT as defined above, is that it can be negative. This is because the
correlation, which can be negative, is between the second adiabatic and the isocurvature parts, it can
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Figure 4.5: Marginalised likelihood functions for selected primary and derived parameters. The solid black
curves are our new results for the correlated model. The dotted black curves show the effect of assigning
flat priors in the index parametrisation instead of the amplitude parametrisation. The red curves are for an
adiabatic model using the same data. The dashed blue curves are from our previous study [2] using data
available in 2004. Note that also in the adiabatic model WMAP3 data favours a larger H0 than WMAP1 (not
shown)—allowing isocurvature modes favours larger H0 regardless of which WMAP data set is used, although
the effect is much stronger with WMAP3. Figure from [3].
Figure 4.6: Marginalised likelihood functions for additional parameters not shown in figure 4.5. In this figure
we only show the distributions for our the correlated model.
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ωb ωc 100θ τ nad1 nad2 niso α γ
A 0.0223 0.1066 1.062 0.0914 0.975 0.919 3.54 0.0539 0.180
B 0.0224 0.1124 1.042 0.0856 0.960
ΩΛ H0 αcor αT
A 0.800 80.3 0.096 0.0356
B 0.734 71.2
Table 4.1: The best-fit models. A: The full model with a correlated isocurvature mode. B: The adiabatic
model.
be larger than the isocurvature part thus making it possible for C isol + Ccorl < 0. The total angular
power spectrum is naturally always positive or zero. We find αT = 0.043 ± 0.015, and the whole
95% C.L. range 0.017 < αT < 0.073 is positive. Thus it appears that the CMB data clearly favour
a non-zero non-adiabatic contribution.
Our best-fit model and also the best-fit adiabatic model are given in table 4.1. They are compared
in figure 4.7. The WMAP 3-year data prefer a slightly narrower 2nd peak than the adiabatic model
can produce. This holds for the third peak also, but now the peak position and width are determined
by the Boomerang data.
This feature in the data can be accounted for by a correlated isocurvature component. It can
narrow down the 2nd peak without affecting the 1st peak position, which is accurately determined by
the data. Increasing θ shifts the whole peak structure to the left while making the peaks narrower.
Adding a positively correlated isocurvature component returns the 1st peak to its place. In figure
4.8 one clearly sees the correlation in the (αT , θ)-pair as increasing the non-adiabatic part also θ
increases.
Compared to the adiabatic model, adding 4 parameters improved the fit by ∆χ2 = 9.7 from a
total of ∆χ2 = 3608.78. This comes mainly from the fit to the WMAP and Boomerang temperature
CTTl . At the 2nd peak for the WMAP data and at the 3rd peak for the Boomerang data. The data
on the CTEl and CEEl are too inaccurate for a few per cent isocurvature contribution to play any
role. Therefore the contribution to χ2 from these cross-correlation data is the same for the adiabatic
and our model. The fit to the SDSS data has improved slightly, whereas that to the ACBAR data is
indifferent. In Table 4.2 we give quantitative numbers for the contributions of different data sets to
the best-fit models. The best-fit model and its χ2 with the data are of course not affected by the
issue of priors, which affects only the likelihoods. For the first time in the history of CMB temperature
anisotropy observations, adding the CDM (or baryon) isocurvature degree of freedom improves the
fit to the data, and the likelihoods of isocurvature parameters peak at non-zero values.
The other major effect is that the correlated isocurvature model favours a smaller CDM density
ωc (also ωb is down, but not as much). This effect can also been seen in the two-dimensional
distribution of (θ, ωc)-pair (the correlated model has a higher θ) in figure 4.8. This is due to the
correlation component Ccorl , which raises the first and third peaks with respect to the second one,
as seen in figure 4.7. The lower values of ωm and ωb compensate this by raising the second peak.
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Figure 4.7: The CMB temperature angular power spectrum for our best-fit model (black) compared to the
best-fit adiabatic model (red). The dashed blue curve shows the non-adiabatic contribution. The inset shows
the 2nd and 3rd peaks. Figure from [3].
data set χ2 (A) χ2 (B) ∆χ2
WMAP 3535.20 3539.14 3.94
Boomerang 31.12 35.04 3.92
ACBAR 10.10 9.92 −0.18
SDSS LRG 22.64 24.66 2.02
total 3599.06 3608.78 9.72
Table 4.2: The χ2 of the fit of the best-fit models to the data, and the contributions from the four different
data sets. A: The full model with a correlated isocurvature mode. B: The adiabatic model.
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Figure 4.8: Select two-dimensional distributions. The correlations between the parameters are clearly visible,
(H0, θ), (ΩΛ, H0) and (θ, αT ) being the most obvious pairs.
For ﬁxed ωc and ωb, increasing θ leads to a larger ΩΛ and a larger Hubble constant H0. For ﬁxed
θ and ωb, a lower ωc requires an even larger ΩΛ and H0. Therefore these models have a larger H0
and a smaller matter density parameter Ωm = 1− ΩΛ, than the adiabatic model.
4.4.3 Other Data Sets
In the non-adiabatic model we obtain large h = 0.8 ± 0.04 and small Ωm = 0.204 ± 0.028. This
is not in line with other cosmological data. The Hubble Space Telescope has measured a value
h = 0.72± 0.08 [63] and estimates for Ωm from supernovae give higher values than what we obtain.
We assessed the eﬀects of these data by postprocessing our chains and found that the signiﬁcance
of the non-adiabatic contribution decreases slightly.
More strict constraint comes from the Lyman-α data, which is an additional data on the smallest
scales in the matter power spectrum. This data comes from observing the Lyman-α emissions from
distant quasars [73]. This data can provide a strong constraint on niso. Using the Lyman-α data as
in [73] changes the distribution of αT such that the peak is still clearly positive, but αT = 0 is now
included in the 64% C.L. region. Since the Lyman-α data is at very small scales, including it to the
analysis makes an implicit assumption that the power law approximation we made in (3.80) is valid
for the whole k-range from the largest superhorizon scales to the Lyman-α scale.
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Figure 4.9: The red curves show the priors for the parameters of the index parametrisation, when flat priors are
assumed for the parameters of the amplitude parametrisation. The black curves are the posterior likelihoods
we have obtained (the same as the solid black curves in figure 4.5). Figure from [3].
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Figure 4.10: The priors for the parameters of the amplitude parametrisation, when flat priors are assumed
for the parameters of the index parametrisation. Figure from [3].
4.4.4 The Issues with Priors
When some parameters of a model are not sufficiently tightly constrained by the data, the posterior
likelihood functions become sensitive to the assumed prior probability densities for the parameters.
Even when one assumes flat, i.e., uniform, priors for the primary parameters of the model, the
question remains, which parameters are taken to be the primary parameters, since the priors for the
quantities derived from the primary parameters (derived parameters) will not be flat. Since we chose
the amplitudes at two different scales to be our primary parameters, it means the the priors for the
spectral indices are not flat.
The mapping between the amplitude and spectral index parametrisations is presented in detail in
[3]. In figures 4.9 and 4.10 we show what the priors of one parametrisation become when the priors
of the other parametrisation are taken to be flat.
In the amplitude parametrisation the range of parameters (which is also a crucial part of the prior)
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is throughout our study
ωb ∈ [0.005, 0.1], ωc ∈ [0.01, 0.99], 100× θ ∈ [0.3, 10.0], τ ∈ [0.01, 0.3]
ln(1010A21) ∈ [1, 7], α1 ∈ [0, 1], γ1 ∈ [−1, 1]
ln(1010A22) ∈ [1, 7], α2 ∈ [0, 1], γ2 ∈ [0, 1] .
In the spectral index parametrisation the range of background parameters is the same as above, and
the perturbation parameters have a uniform prior probability over the ranges
nad1 ∈ [−3, 4], nad2 ∈ [−3, 4], niso ∈ [−3, 12],
ln(1010A2) ∈ [1, 7], α ∈ [0, 1], γ ∈ [−1, 1] .
These are used only for producing figure 4.10, since all the analysis presented in [3] is based on
MCMC runs in the amplitude parametrisation. However, we have checked against a MCMC run
using the index parametrisation, that its results agree with the dotted black curves in figure. 4.5.
For figure 4.10 we chose the above ranges of spectral indices to match this check run and our
previous study [2]. As indices are not symmetric around the scale invariance (n = 1), we can see
mild asymmetries in figure 4.10.
The parameters αcor and αT are derived parameters and therefore their prior distributions are not
flat in either parametrisation. We demonstrate the situation with αcor in figure 4.11. We see that
αcor as well as the parameters niso, γ, and α (see figure 4.9) are not well enough determined by
the data to make their likelihood functions insensitive to the choice of priors. The solid blue curve
in figure 4.11 is the ratio of the posterior and prior likelihoods for αcor, and illustrates what the
likelihood of αcor could be, if αcor had a flat prior probability density. The actual likelihood of course
depends also on the other priors.
In figure 4.12 we show the prior and posterior distributions of αT in the amplitude parametrisation.
We see that the prior is relatively flat in the region where the posterior mostly lies. Consequently,
unlike for αcor the ratio of posterior and prior likelihoods (posterior/prior) for αT is almost indistin-
guishable from the posterior. Thus the situation with αT is better in this respect than the case of
αcor, and the conclusions about αT are more robust.
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Figure 4.11: Prior and posterior likelihoods for the derived parameter αcor. The solid red curve is the prior
in the amplitude parametrisation and the dashed red curve is the same in the index parametrisation. The
solid and dashed black curves are the corresponding posterior likelihoods. These are the same as the solid and
dotted black curves in the αcor panel of figure 4.5. The solid blue curve is the ratio of the posterior and prior
likelihoods in the amplitude parametrisation. Figure from [3].
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Figure 4.12: Prior thin red and posterior thick black likelihoods for the derived parameter αT . Both likelihoods
are for the amplitude parametrisation. Posterior/prior would be almost indistinguishable from the posterior.
Figure from [3].
Chapter 5
Summary
In this thesis we have studied a slightly more complicated model producing the small anisotropies in
the cosmic microwave background, namely, the possibility of an isocurvature component in addition
to the usual adiabatic one. While the early, pre-3-year WMAP data allowed the possibility of such
a component, they did not show any preference towards it. The slightly surprising result came from
the WMAP 3-year data supplemented by the additional data from the ground-based Boomerang
experiment which, for the first time, show a clear preference for a non-zero non-adiabatic component
in the temperature anisotropies.
Perhaps the most interesting implication of this result is that in order to produce isocurvature
perturbations in the early universe, one requires more complicated physics in the early universe.
Currently, the paradigm of inflation is practically the only serious candidate for producing the pertur-
bations in the energy density of the universe in the first place. The simplest models only have a single
field but have been able to accommodate all the observations thus far. However, in order to produce
isocurvature perturbations, the single field inflation fails and one needs to consider multi-field models.
In addition to just finding out this non-adiabatic component, we were able to indicate where it
came from in the angular power spectra. The measured peak structure deviates slightly from the
one predicted by the purely adiabatic perturbations and this small discrepancy can be corrected by
the additional correlated isocurvature component. Additional and more accurate data on the CMB
is being continually produced and this future data will show wheather or not this feature in the CMB
will remain.
During these studies, we have improved our analytical methods used to study the CMB spec-
tra. From the practical point of view, the most dramatic improvement came when switching the
parametrisation of the perturbation power spectra from the spectral index parametrisation to the
amplitude parametrisation. This considerably speeds up the generation of the Monte Carlo Markov
chains and thus enhances the whole analysis.
On the observational front the most expected event must be the launch of the Planck satellite,
hopefully in the near future. The data from Planck will provide us the CMB angular power spectra
for temperature and polarisation in a wide range of multipoles, up to l . 2500, from a single
instrument. This will reduce the possibility for various errors rising when combining data for the
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same observable from different instruments. It will hopefully also act as a confirmation of the data
from the WMAP satellite, for should both instruments produce similar results, where applicable, one
can trust the results to be correct rather than an instrument glitch, uncleaned noise or some other
non-cosmological signal.
Aside from the CMB measurements, there is a lot of activity on other observations as well. The
matter power spectrum data will also improve as more and more galaxies are measured. Some other
observables are also emerging, like the baryon acoustic oscillations [74] and the 21 cm emissions
[75]. The baryon acoustic oscillations are the same oscillations as in the CMB, but now observed in
the matter power spectrum, while the 21 cm emissions measure the emissions from the intergalactic
medium which provides information, for example, on the matter power spectrum and reionisation.
All in all, there seems to be suggestions for more complicated physics that was previously required
in the current data and no shortage of new data to test these suggestions against. It seems that for
the cosmologists there are fruitful times ahead indeed.
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